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PART I
TWO PROBLEMS WITH VARIABLE END^POIHTS 
In trod u ction
Suppose th ere  has been s p e c if ie d  a s e t  o f  arcs C, s a t is fy in g  
c e r ta in  c o n d itio n s , such th a t along each o f  them the in te g r a l  l(C ) = 
f ( x ,y ,  z ,y i  z') dx has a w e ll  determined v a lu e . The arcs o f  t h is  s e t  
w i l l  be c a lle d  adm issib le  a r c s , A problem o f  the c a lcu lu s  o f  v a r ia tio n s  
a sso c ia te d  w ith  such adm issib le  arcs and th e ir  in te g r a ls  i s  th a t  o f  
f in d in g , in  the c la s s  o f ad m issib le  arcs jo in in g  two f ix e d  p o in ts , one 
which g iv es  the i n t e g r a l  1(C) i t s  sm a lle s t  v a lu e . The problem so  
form ulated i s  sa id  to  have f ix e d  en d -p o in ts . I t  may be m odified by 
sp e c ify in g  the c la s s  o f  a r c s , in  which a minimum i s  sought, to  be the  
c la s s  o f  ad m issib le  arcs jo in in g  a f ix e d  p o in t and a f ix e d  curve, or a 
curve and a f ix e d  su r fa c e . In  th ese  l a t t e r  cases the problem i s  sa id  
to  have v a r ia b le  en d -p o in ts.
For our purpose we w i l l  suppose th a t  there i s  a reg ion  R o f  the  
space o f  5 - tu p le s  o f  r e a l  numbers (x ,y ,z ,y^ zO  in  which the integrand  
fu n c tio n  f (x ,y ,z ,y ^ z ')  has continuous d e r iv a t iv e s  up to  and in c lu d in g  
th ose  o f  the fou rth  order. A p o in t (x ,y ,z ,y^ zO  in te r io r  to  the reg ion  R 
i s  c a lle d  an ad m issib le  p o in t . An arc C i s  c a lle d  regu lar  i f  the func­
t io n s  y ( x ) ,  z (x )  d e fin in g  i t  are s in g le -v a lu ed  and have continuous 
d e r iv a t iv e s  on the in te r v a l  x , é x  The s e t  o f  adm issib le  arcs to
be considered here i s  th e  s e t  o f  continuous arcs each o f  which c o n s is t s  
o f  a f i n i t e  number o f  regu lar  sub-arcs whose p o in ts  (x ,y ,z ,y ^ z )  are
a d m issib le . We w i l l  now l i s t  some r e s u lt s  o f  the problem w ith f ix e d  
en d -p o in ts ,
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I  The F ir s t  N ecessary Condition
An ad m issib le  arc E i s  sa id  to  s a t i s f y  co n d itio n  I  i f  th ere  
e x i s t  two con stan ts c and d such th a t th e  equations
£^c = ^ fi^ d x  + c , and 
f^' ” 2 dx + d
I
r
are id e n t i t i e s  along E, Every ad m issib le  arc E which g iv es  the in t e ­
g r a l I  a minimum va lue must s a t i s f y  co n d itio n  I .
E u le r 's  Equations
On every sub-arc between corners o f  an ad m issib le  arc E which 
s a t i s f i e s  the co n d itio n  I  th e  fu n ctio n s f^« , f j '  have d e r iv a t iv e s  and 
th e  equations
d _ (f^  ) = f^ 5 and 
dx  ̂ ^
d_(f^' ) + fg  
dx
are s a t i s f i e d .
The Weierstrass-Erdmann Corner C ondition.
At each value x d e fin in g  a corner o f  an adm issib le  arc E th a t  
s a t i s f i e s  co n d itio n  I ,  the r ig h t  and l e f t  l im it s  o f  the fu n ction s  
and f g f  are eq u a l.
H ilb er t i s  D if f e r e n t ia b i l i t y  C ondition.
Let E be an ad m issib le  arc s a t is fy in g  co n d itio n  I .  Then near 
every  p o in t (x ,y , z ,y^ z) o f  E which i s  not a co m er, and a t  which the  
determ inant f̂ ŷ ' -  (f^a' ) i s  d if fe r e n t  from zero, the fu n ction s
y (x )  and z (x )  d e fin in g  E have continous nth d e r iv a t iv e s  when the inte=  
grand fu n ction  f  has a l l  p a r t ia l  d e r iv a t iv e s  o f  orders d n csntinaou s  
near (x ,y , z ,y(zO .
A sub-arc o f  E on which the determi.nant f^'2 ' i.s
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d if f e r e n t  from zero w i l l  be c a lle d  n on -sin gu lar .
An adm issib le  arc defin ed  by fu n ction s y (x ) ,  and z (x )  having co.n- 
tin u ou s f i r s t  and second d e r iv a t iv e s , and s a t is fy in g  the equations
fî 'x + Y + f^Y 2  + fy'y' Y + fy'g" 2  -  fy = 0 , and
+ f / s  Z' + Tf' + f'zy Z* -  fa  = 0
w i l l  be c a lle d  an extrem al.
The above equations are the Euler d i f f e r e n t ia l  equations xn the  
expanded form. These are s a t i s f i e d  by every sub-arc o f  E ( mi.nimizing
arc ) alor^  which the determ inant f̂ 'y* -  (f^'z' i s  d if fe r e n t  from
zero . E u ler 's  equations can be expressed in  the above form when i t  i s  
known th a t the fu n ction s y (x ) ,  and z (x )  d e fin in g  E have second d e r iv a ­
t iv e s  .
Let K x ^ ^ .y L ^ z lY lA  = f (x ,y ,z ,Y ,Z )  -  f ( x ,y ,z ,y ^ z )  -  
( y ' -  y)fx^<x,y, z ,y ,z )  -  ( 2  -  z')fg/ (x ,y ,z ,y ^ z ) .
I I  The Necessary Condition o f  W eierstrasSn
An adm issib le arc E i s  sa id  to  s a t i s f y  con d ition  I I  or the t n ,
d i t lo n  o f  W eierstrass i f  a t  every p o in t (x ,y , z ,y^ z) o f E the c nai.nion
E (x ,y ,z ,y^ z ,Y ^ 2 ) A 0  
i s  s a t i s f ie d  fo r  every adm issib le  p o in t (x ,y ,z ,Y ^ 2 ) w ith  ( 1 , 1 ) # ( y 'z ) .  
Every arc E which minimi.zes the in te g r a l I  must s a t i s f y  con d ition  II„
I I I  Legendre's N ecessary C ondition.
An adm issib le arc E i s  sa id  to  sa t i .s fy  con d ition  I I I  or t-he ren ­
d it io n  o f  Legendre i f  a t  each p o in t ( x ,y ,z ,y ( z )  c f  E the con d ition
Tfr,.,. f + ffy,. 4 0
i s  s a t i s f i e d  fo r  every  p a ir  o f  real, va lues  ̂ such th a t f  ~ t  
th e  arguments o f  the d e r iv a tiv e s  o f  f  being the coord inates ( x ,y ,z .y , z )  
o f  the p o in t o f  E. Every arc E which mi..nimi.zes the in te g ra l I  must
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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s a t i s f y  co n d itio n  I I I ,
In accordance w ith  the symbolism used in  B l i s s ,  ( [l]an d  
we w i l l  denote by 1  and 2  th e  end-points [x, , y ( x , ) , z ( x , ) , y t x j ) , z t x , ) 1  
and (x^ ,y (X i) , z (xa .),y (x ;i.),z txa )] , r e sp e c t iv e ly , o f  an extrem al arc con­
n ectin g  th ese  en d -p o in ts. The extrem al arc w i l l  then be represented  by 
th e  symbol . Analogous symbols w i l l  be used fo r  other a r c s .
The term inology we w i l l  use w i l l  be c o n s is te n t  w ith  th a t  used in  
B l is s  ( [ 1 ] ,  [ 2 j ) ,  w ith  a few ex cep tio n s .
A con tact p o in t o f  an extrem al arc 2,^ w ith  an envelope D, i s  
sa id  to  be a p o in t con jugate to  1 on the arc .
IV J a co b i's  Necessary Condition
A non -singu lar extrem al arc i s  sa id  to  s a t i s f y  co n d itio n  IV
or th e  con d ition  o f  Jacobi i f  i t  has on i t  between i t s  end-points 1 and
2 no p o in t conjugate to  1. Every non -singu lar minim izing arc w ith ­
out corners i s  an extrem al arc s a t is fy in g  t h is  condition*
I f  an arc E,^ g iv e s  I  a minimum value r e la t iv e  to  the c la s s  o f  
ad m issib le  arcs C,^ in  a s u f f ic i e n t ly  sm all neighborhood o f  th e  p o in ts  
(x ,y ,z ,y ^ z )  o f  E,a_ , then l(E,g^ ) i s  sa id  to  be a weak r e la t iv e  minimum, 
A minimum provided by E,ĵ  r e la t iv e  to  a c la s s  o f  adm issib le  arcs 0,%, , 
r e s tr ic te d  on ly  to  have th e ir  p o in ts  ( x ,y ,z )  in  a s u f f ic i e n t ly  sm all
neighborhood F or in  xyz-sp ace , i s  c a lle d  a strong r e la t iv e  minimum,
/  /
The symbols g ,  and I I I  are used to  denote th e  n ecessary  con­
d it io n s  o f  W eierstrass and Legendre, r e sp e c t iv e ly , w ith  the e q u a lity
s ig n s  excluded in  th e ir  sta tem en ts. S im ila r ly , iv"^denotes J acob i’s 
c o n d itio n  (IV) strengthened to  exclude p o in ts  conjugate to  1 from the
^) The symbol Cn] w i l l  r e fe r  to  th e  nth en try  in  the l i s t  o f  
referen ces  a t  the end o f  t h is  paper.
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5
end-p oin t 2  o f  an extrem al arc as w e ll  as from the in te r io r  o f  the  
a rc .
S u f f ic ie n t  C onditions fo r  a Weak R e la tiv e  Minimum.
I f  an ad m issib le  arc E,% w ithout corners s a t i s f i e s  con d ition s
I ,  I I I  , and IV , there e x is t s  a neighborhcnd R-| o f  the va lues
(x ,y , z,y^zf) belonging to  E,î. such th a t the in e q u a lity
I(C ,x  ) >  I(E,% )
h old s fo r  every ad m issib le  arc 0 ,̂  ̂ in  and not id e n t ic a l  w ith  E,^ .
An arc E/i i s  sa id  to  s a t i s f y  co n d itio n  II.v i f  there i s  a
neighborhood N o f  the elem ents ( x ,y ,z ,y t z )  on E/  ̂ such th a t
E (x ,y , z,  z , Ir Z) à 0
holds fo r  a l l  s e t s  ( x ,y ,z ,y ,  z, y ',Z) w ith  ( x ,y ,z ,y ,z )  adm issib le  and in
/ /
N and w ith  (x ,y ,z ,T ,Z )  adm issib le and having
(Y,Z) * (y ,z )«
C ondition 11/̂ / i s  t h is  co n d itio n  w ith  the e q u a lity  excluded.
The n o ta tio n  I l l f  d esig n a tes the property th a t the l.nequaJiTy
» 0
holds fo r  a l l  ad m issib le  elem ents ( x ,y ,z ,y t z )  w ith  p r o jec ticn s  (x „ y ,z )  
in  a neighborhood F o f  the arc E/^ and fo r  a l l  p a irs 9^,^ such th a t  
^  ^ =  1. The n o ta tio n  I I I ^  i s  used fo r  th is  property w ith  the
e q u a lity  sig n  excluded.
S u f f ic ie n t  C onditions fo r  a Strong R e la tiv e  Minimum
I f  an ad m issib le  arc w ithout corners i s  non-singu lar and
s a t i s f i e s  con d ition s I , 11^ , iv '', then there i s  a neighborhood F o f
E,3 _ in  xyz-space such th a t the r e la t io n
I(C , 1  ) >  KE,^, )
holds fo r  every  ad m issib le  arc C,]_ in  F not id e n t ic a l  w ith  Ê  ̂ .
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L et summarize w ith  the ta b le  below,
TABLE OF NECESSARY AND OF SUFFICIENT CONDITIONS APPLICABLE TO ADMISSIBLE
ARCS WITHOUT CORNERS 
Necessary C onditions 
I ,  H I ,  IV
I ,  I I ,  I I I ,  IV I , I I
Type o f  Minimum 
Weak r e la t iv e  
Strong r e la t iv e
Strong r e la t iv e  
Strong r e la t iv e
S u f f ic ie n t  Conditions 
I , H I%  IV^
■N 5 iv 'an d
E n on -singu lar  
I ,  n w . 111% iv '
I , I l l f  , IV"
I ,  I I .  I l l ,  IV 
I ,  I I ,  I I I ,  IV
For a d e ta ile d  d isc u ss io n  o f  the proceeding r e s u lt s  see B lis s ,  
"Lectures in  the C alculus o f  V ariations" , chapters I  and I I
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S e e tio n  I
Problems in  th ree -sp ace  w ith  one e rd -D c in t -yarla.tlfr cn a 3 irfa.?e»
Hie problem to  be stu d ied  i n  t h i s  s e c t io n  i s  t h a t  o f  f in d in g  in  a
c e r ta in  c la s s  o f a d m iss ib le  a rc s  jo in in g  a f ix e d  S'irfa.ce S to  a f ix e d
tv  ̂ ^
p o in t  2 one which m inim izes th e  i n t e g r a l  I  ~ j  f (x ,y ,z ,y ^ z )d x  i n  the
A
Space o f  5“tü p le s  (x ,y ,Z (,y^z) o f  r e a l  numbers.
Let Eu rep resen t a p a r t i c u l a r  a d m iss ib le  arc whose minim izing  
p ro p ertie s  are tc  be stu d ied .
F ig . 1.1
Consider the v a r i a t io n  o f th e  value o f  the In teg r a l I  taken  along a var-^ 
ia b le  arc E whose e n d -p o in ts  d escr ib e  two f ix e d  curves C and D a s  shewn 
in  f i g .  1 ,1 . E may be tak en  in  th e  form y ( x ,a ) ,  z ( x ,a ) ,  th e  d i ï p l a . e -  
ment o f  E being caused  by the variation o f  the value o f  th e  p a ram ete r a . 
I f  t  i s  a p a ram ete r d e fin in g  th e  p o s it io n  o f  the p o in t  3 :-n C, thar. th e  
coord inate x o f  the p o in t  3 and th e  value o f  a d e f in in g  a rc  E th r ’cu'gh 3 
are fu n c tio n s  o f  t ,  and th e  f'ln o tion s d e fin in g  C tbs y be w r i t t e n  i n  r>he
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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p a ra m e tr ic  form ,
( 1 . 1 ) XgCt),
y [ x 3 ( t ) , a ( t ) ]
(1 . 2 )
J  [ ( t ) , a c t ) J  = ( t } ,
z [ x j , ( t ) , a ( t ) ]  = z<^(t).
S in c e  th e  p o in t  4  on D i s  a ls o  determ ined  when t  i s  g iv en , and by ine 
same v a lu e  o f a  as t h a t  co rresp o n d in g  to  3 we ha.-./e D w r i t te n  i n  xhe 
parame t r i e  form  ( i / ^ ) c
Assume th e  fu n c tio n s  X j ( t ) ,  x * ,( t) , and a ( t  ) d e f in in g  th e  a r  : -  C 
and D have con tinuous d e r iv a t iv e s  on an  in t e r v a l  ( t  6 t  6 Assume
f o r  th e  v a lu e s  ( x ,a )  s p e c i f ie d  by th e  c o n a it ie n s
[  X j ( t )  Û X é  x ^ ,( t) J  ,
a = a ( t ) ,
( t '&  t  a  t ^ )
t h a t  th e  fu n c tio n s  y ( x ,a ) ,  z ( x ,a )  defin ing ; a d m iss ib le  a r s  a re  vir.'.cu.t 
c o rn e r s „ Also assume t h a t  i n  a neighborhood o f  ( x ,a )  th e  fu n c tio n s  
y ( x ,a ) ,  z (x ,a )  and t h e i r  d e r iv a t iv e s  ŷ . (x j,a ), z% (x,a) have c rn t in u /u a  
f i r s t  p a r t i a l  d e r iv a t iv e s  w ith  r e s p e c t  to  a„
The v a lu e  o f th e  i n t e g r a l  I  tak e n  along +he ar?  E i s  a fim cxfcn  
l ( t )  d e fin e d  by  th e  e q u a tio n
(1 .3 )  I ( t )  -  y  f [ x ,y ( x , a ) , z ( x , a ) , y '  ( x , a ) , z '  (x ,a ]^ d x
i n  which X j, x ^ , and a  a re  th e  fu n c tio n s  c f  t  j u s t  d e sc r ib e d . 
DEFINITIONS
C onsider two p o in ts  3 end 7 cn th e  curve C d e s c i i te d  a te  c e . L et 
tn e  p o in t  3 be g iv en  by t  t y  and s i i ro la ry  l e t  ? be g iven  t ,y t  f y.
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
Then we sa y  t h a t  th e  p cd n t 3 p reced es th e  p o in t  7 on. C i f
/ // t 4 t_ < ty ^ to
THEOREM ( i „ l )
The v a lu e  o.f th e  i n t e g r a l  I ,  ta k e n  along  a v a r ia n te  a r :  E wt.tK 
th e  c o n t in u i ty  p ro p e r t ie s  d e sc r ib e d  abcve and whose e n d -p tc rd r  3 ana ^ 
d e s c r ib e  two f ix e d  cu rves C and D, has th e  d if-fe ren tiaX  
( lu 4 )  d l  = [ f d x .  r  (dy -  y d x ) !^  + (dz -  z " d x ) f ^ ' ] ^
a t  each p o s i t io n  o f th e  v a r ia b le  a rc  a t  which t h a t  a rc  s a t i s f i e s  E u le r 's  
d i f f e r e n t i a l  e q u a tio n s . In  th e  e x p re ss io n  fo r  d l  th e  v a lu e s  (x jy„z ,y ,z* ) 
o c c u rr in g  i n  f  and e lsew here  a re  th o se  be long ing  tc  E a t  th e  p o in rs  3 
and 4 and dx, dy, dz a re  d i f f e r e n t i a l s  be long ing  to  G c r D,
P roo f
&
I ( t )  = ^  f [ x , y ( x , a ) , z ( x , a ) , y '( x , a ) , z  ' ( x ,a )  dx..
L et u = x%, V = X3  and writ-e G (u,v„a) -  f  fd x . Then
I  ( t )  = a G  Au + 3 G  . da.
u  j  t  j  V ,) t  3 a. d t
H
a t  a t
T f  tvi, V z‘, h
At a  p o in t  o f a rc  E a t  w hich th e  E l l e r  éq u a tio n s  a re  « ,3 f ,
d f,^‘ -  f^ = 0, and
dx
d f  1  ■= fg =■ On Then 
dx
 ̂ and
dx dx:
d_(fg'Z^ ) = ZqdJ^' t  + fgZq ^ 4 '4  -
dx dx
T h ere fo re , f o r  t h i s  p a 'c t ic u la r  a rc  E.
l ' ( t )  [  fd x  ^ d a d y y , + f  .z,
d t  d t
) t -
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Now we have
yjC t) = y [ x j ( t ) ,  a ( t ) J ,  and
ZjCt) = z [x 3 ( t ) ,  a ( t ) ] .  Therefore
dyj = y 'd xj + %da, and
dzj = z^dxj + Zqda. S im ila r ly
dy, = y^dx^ + y ,d a , and
dz^ = z^dx^ + Zqda. Thus
H
d l  = [ fd x  + (dy -  y^dx)f^' + (dz -  z ''dx)f 2 'jjo 
This com pletes the proof.
COROLLARY (1 .1 )
I f  tile ends o f  a v a r ia b le  extrem al arc E d escr ib e  two curves C 
and D, the d iffe r e n c e  between the va lu es o f  I  a t  two p o s it io n s  E ^  and 
Ejg o f  E, as show in  f i g .  ( 1 . 1 ) ,  i s  g iven  by the formula
I(E r 6 ) -  I(Ey^ ) = (0^,9 ) « i Cy r  ), where
I* = J  I fdx + (dy -  y 'd x )(,/ + (dz -  z'"dx)f^J ,
Proof
The fu n ction s y ( x ,a ) ,  z (x ,a )  in  the second member o f  1 .4  and 
th e ir  d e r iv a tiv e s  y '^(x,a), z ' ( x ,a )  w ith  r e sp e c t to  x  are a l l  fu n ction s  
o f  t  c a lc u la b le  w ith  the help  o f  equations 1 .1 .  The d i f f e r e n t ia ls  dx, 
dy, dz are fu n ction s o f  t  m u ltip lied  by d t , d efin ed  by the equations  
dy = y^dx + y^da, and
dz = z 'd x  + Zqda.
Thus, th e  exp ression s o f  the two s id e s  o f  1 .4  are fu n ction s o f  t  m u lti=
/
p lie d  by d t and can be in teg ra ted  w ith  resp ec t to  t  from a va lu e  t  
d e fin in g  E f t  o f  E to  a va lue d e fin in g  Ej@ , as show in  f i g .  ( 1 . 1 ) .  
KEyg) -  l ( E f t )  = ^ [ fd x  + (dy -  y'dx)f^' + (dz -  z ' d x ) f /
= y [  fdx + (dy  ̂ -  y"dx,,)fy  + (dz^ -  z' dx^ )fg^] «
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[  fdxg + (dy -  y'dxj)f^^ + (dz* -  z 'd x ,)  fg. ']
= I ^ C D ^ s ) -  I *  ( C r r  ) .
This com pletes th e  proof.
Let Eya. rep resen t a p a r tic u la r  arc whose m inim izing p ro p er tie s  
are to  be stu d ied . L et S be the f ix e d  su rface  d efin ed  by the fu n ctio n s
( 1 .5 )  f (  A .  f  ) .
which have continuous d e r iv a t iv e s  o f  the th ird  order near the va lu es  
( 4 i  * ) which d e fin e  the in te r s e c t io n  p o in t 1 o f  S and E ,
S in ce  every  ad m issib le  arc jo in in g  the end-p oin ts 1  and 2 o f  E,% 
a ls o  jo in s  th e  su rface  S w ith  2, i t  i s  ev id en t th a t must s a t i s f y
a l l  th e  n ecessary  con d ition s fo r  a m inim izing arc in  the c la s s  o f  arcs  
jo in in g  i t s  en d -p o in ts.
Let ' X  be an a rb itra ry  curve on S through the p o in t 1 d efin ed  by 
th e  fu n ctio n s
(1. 6)
Ç (a ) ,
which have continuous second d e r iv a t iv e s  near the parameter va lu e  a, , 
d e fin in g  the p o in t 1 .
The curve ^  can be jo in ed  to  th e  p o in t 2 by a one-parameter 
f ami l y  o f  ad m issib le  arcs conta in in g  as a member. For example l e t
Eyĵ  be d efin ed  by the fu n ctio n s  
y (x ) ,  
z (x );
( X, 6 X 4 Xi ).
Then such a fa m ily  i s  d efin ed  by th e  fu n ctio n s
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( 1 . 7 )  y (x )  + ^ (a ) ]  - y ( J ) }  Q (x ,a ), and
( 1 .8 )  z (x )  + *f ^ [o L (a ), f ( a ) ]  -  z ( f ) }  Q (x ,a), where
= m - '^ Q T T x r -
For
X = ? [c < (a ) , f ( a ) ]
th e  arcs o f  t h is  fam ily  in t e r s e c t  the curve and pass through the p o in t  
2 , s in c e
(1 .1 0 )  Q (x,a) = x _ - ^ _____■■ - , .............. = & 5 ,3?̂ ,,, = 1  . so  th a t
y p X a J i  p (a )j  -  Xa. X -  x%
(1 .11 )  y  = y (x )  + 7 ( U ( a ) ,   ̂ ( a ) ]  -  y ( 1  )
= y (x )  + ^ [o i , ( a ) ,  p (a ) ]  -  y (x )  = T ^ |^ (a),|(a )7 , and
(1 .1 2 )  z = z (x )  + î^[of,(a), ^ ( a ) ]  -  z( f  )
= z (x )  + ^ [ ^ ( a ) ,  ^ ( a ) ]  -  z (x )  = ?fjv(a), ^ (a )] .
For X = Xji we have 
Q (x,a) = 0, 
y  = y(x%), and 
z = z(xj^).
For the parameter va lue a = a, we have,
( 1 . 1 3 )  y  = y (x )  +{?{fo((a, ) ,  f ( a ,  ) ] - y ( T ) }  Q(x,a, )
= y (x )  + { '^ k ( s |  ) , f (a ,  ) ]  -  y  [d( (̂a, ) ,  f ( a ,  ) }  Q(x, a, )
= y (x ) ,  and
(1 .1 4 )  z = z (x )  + { ? U (a , ) ,  Ç(a, )]  -  z ( f ) }  Q(x,a, )
= z (x ) .
DEF.
An ad m issib le  arc E i s  sa id  to  s a t i s f y  the T ran sversa litv  
C ondition  a t  i t s  in te r s e c t io n  p o in t 1 w ith  a su rface S i f  the equation
( 1 . 1 5 ) ( f  -  y  ̂f̂ / -  z' f ) d x  + dy + f^/dz = 0
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i s  s a t i s f i e d  by every d ir e c t io n  dx: dy: dz tangent to  S a t  the p o in t 1, 
th e  arguments (x ,y ,z ,y ^  z )  in  f  and i t s  d e r iv a t iv e s  being th ose  o f the  
arc a t  1 .
The fa m ily  d efin ed  by ( 1 , 7 )  and (1 .8 )  s a t i s f i e s  th e  co n d itio n s o f  
theorem ( 1 . 1 )  and th ere fo re  the va lu e  o f  the in te g r a l I  taken along a 
curve o f  th e  fam ily  i s  a fu n ctio n  o f  the parameter a, whose d i f f e r e n t ia l  
a t  the va lu e  a, d e fin in g  Ê a. in  the fam ily  i s  g iven  by equation ( 1 . 4 ) .  
I f  I(E/a  ̂) i s  to  be a minimum, t h is  d i f f e r e n t ia l  must van ish , and s in ce  
i s  an a rb itra ry  curve on S through the p o in t 1, the fo llo w in g  th eo­
rem i s  e s ta b lish e d .
THEOREM (1 . 2 )
Every m inim izing arc fo r  the problem o f  t h is  s e c t io n  must s a t i s f y  
th e  tr a n s v e r s a lity  con d ition .
DEF.
For d if fe r e n t ia b le  fu n ction s y (x , %(x, « ( ,^ ) , we l e t
y.( (x ) y^ (x )
z^  (x ) z  ̂ (x )
^ ( x ,  J ,, ^ )
DEF.
Let be an extrem al arc cut tra n sv e r a lly  by a non-singu lar  
su rfa ce  S a t  th e  p o in t 1 and not tangent to  S a t 1. I f  A (x, << ,  ̂ ) i s  
the determ inant o f  the two parameter fam ily  o f  extrem als 
y  = y (x , c^, ^ ) ,
Z = z(x, , ^ )
cu t tr a n sv e r a lly  by the su rface  S and conta in ing  E,;̂  fo r  parameter 
v a lu es  ot,, , then the p o in ts  determined on E,̂  ̂ by the zeros o f  
A (x , f  r ) are c a lle d  fo c a l  p o in ts  o£, S. on Ejjl *
THEOREM (1 . 3 )
Suppose E,;t̂  i s  a n on -sin gu lar  extrem al arc cu t tr a n sv e r s a lly  by 
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th e  su rface  S a t  the p o in t 1 and not tangent to  S a t  the p o in t 1„ Also 
suppose S in  non -sin gu lar  a t  the p o in t 1. Then th ere  e x is t s  a tw o- 
parameter fam ily  o f  extrem als
z (x , Ç )
con ta in in g  E,a, fo r  parameter v a lu es ) and having the p ro p er tie s
1  ) th e  members o f  the fa m ily  are cu t tr a n sv e r s a lly  a t x  = ‘f ( < < , ^ ) ,
2 ) th e  fu n ctio n s y (x , o<, ^ ) ,  z (x , ^ ) and th e ir  f i r s t  and second  
d e r iv a t iv e s  w ith  r esp ec t to  x  have continuous second p a r t ia l  d er iv a ­
t iv e s  fo r  va lu es (x , Jl^, ^  ) in  a neighborhood o f  th ose  belonging to  ,
and
+ 03 ) ^ (X , ^ ) =
id e n t ic a l ly  along E,  ̂ .
Proof.
The su rface  S i s  d efin ed  by the fu n ction s
t (  o ( .  f  ) ,
-);( J . .  ?  ) .
=1.. ?  ) .
I f  th e  two-parameter fam ily  o f  extrem als e x is t s  i t  w i l l  be o f  the form 
f ( x ,y ,  2 ,y', zO where
7 =  9[(x, ̂  ^ j '  = >{'(x, «I,, f  ) ,  and
z = “̂ (x , z '  = ^'(x,
Consider th e  in tegrand  o f  the H ilb er t in te g r a l o f  t h is  fam ily:
( 1 . 1 5 ) ( f  -  y"f^ -  z '  £g'  )dx + f^ 'd y  + f^' dz.
For X = th e  fu n ctio n  (1 .15 )  takes the form
Pd<  ̂ + Qd  ̂ , where
(1 .16 )  P = f f j ^  + ("^* - Y  %()fY + ( 5  -  ?  » and
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(1 .1 7 )  Q = f  ^  + (Iff ^  .
T ra n sv ersa lity  im p lie s
Pdo(, + Qip = 0  
independent o f  dJi. and d  ̂ .
Therefore P = 0, and Q = 0, or
( 1 . 1 8 ) f f j .  + = 0 , and
(1 .1 9 )  f f p  + ( >  + ( ^  = 0.
Im p lic it  fu n ctio n  theorems assure us th a t s o lu t io n 's  o f  1.18,  and
1 .19  , ,
y  = ^ ( c ^ . f ) .  z = ? ( < ^ , f )
e x i s t s  provided th ere  e x is t s  an i n i t i a l  so lu tio n  J,,v ^  , a t  the
p o in t d efin ed  by ( o( , , ) such th a t th e  elem ent
[ f (  X .  p. A  /'(( p. ) ,  J f ( ,=< ,,  p . ) .  V .  y  ]
i s  adm issib le  and makes th e  a p p io p iia te  Jacobian d if fe r e n t  from zero a t  
th e  p o in t ( J , , ,
This Jacobian i s
3 ( y
We f in d  th a t
) p 3P
d y ' d z '
3 9 , , 2 . 2 -
2 / 9z'
9  y  
À A
d z '
Therefore,
% + (-% -  Y )̂̂ YY - + ( & -
+ (Ik -?r
+ (^ f ~  fe % ' + ( f f
+ (1^
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For = o(, and the fam ily  d e fin e s  the arc which by assump=
t io n  i s  n on -sin gu lar. Thus
^zV
a t  th e  p o in t ( ) .
By assumption E i s  not tangent to  S a t  the p o in t 1. Therefore
1  7i' f ( %. ( &  -  i v
h =
%  \ %
= 0.
The e x is te n c e  o f  the fam ily  i s  thus assured . The determ inant ^ (x , ^ ^  ) 
o f  the fam ily  i s  d if fe r e n t  from zero a t  the p o in t 1 on E,^ „ s in c e  th e  
id e n t i t ie s
 ̂ ) = y( f  » f  ) ,  and
. g ) = z (  f  ^  )
show th a t
+ y^ , and 
+ Xp .
Therefore
= -  y ' f k   ̂and-
=  “ y"f^ «
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S im ila r ly
=
=
z '
^ 7 .
and
Therefore
yp (%  -  y ' f <  ) " y ' f ?  )
( ) ( -  z '  )
= 0
by th e  previous argument.
The fo c a l  p o in ts  o f  th e  su rface  S, are independent o f  the para­
m etric  rep resen ta tio n  chosen fo r  S. For i f ,  in  th e  equations
f  = ? ),
^  ^ and
?  = ^ )
d e fin in g  S , th e  parameters  ̂ are rep laced  by fu n ction s
o(. = »l,( V  . S ) .  and
f  = f  ( Y  . S )
o f  two new param eters, th e  fam ily
y (x , o (, g ),  
z (x , oC* f  )
w ith  th e  o r ig in a l parameters ^ w i l l  go in to  a second fam ily
y (x , V , £  ) = y, 
z ( x , Y  , S ) = z
w ith  s im ila r  p r o p e r tie s . The determ inants A (x , Jî ,  ̂ ) and a ( x , y  , S ) 
o f  the two fa m ilie s  w i l l  d i f f e r  on ly  by a non-vanishing fa c to r  indepen­
den t o f  X, The non-vanishing fa c to r  i s  fa c to r  i s  the
Jacobian o f  the transform ation  and th ere fo re  i t  i s  non-vanish ing„
DEF.
A n on -sin gu lar  extrem al arc cu t tr a n sv e r s a lly  by a
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n on -sin gu lar  su rface S a t  the p o in t 1, and not tangent to  S a t  1, i s  
sa id  to  s a t i s f y  th e  fo c a l-p o in t  co n d itio n  i f  th ere  e x is t s  no fo c a l  p o in t  
o f  S on E,^ between 1 and 2,
F ig , 1„2
THEOREM ( 1 . 4 )  ( Die Envelope Theorem )
Assume th ere  e x is t s  a one-parameter fam ily  o f extrem al arcs w ith
an envelope D touching the extrem al arc E,^ a t  the conjugate p o in t 6 ,
as shown in  f i g .  1 .2 .  Then the equation
(1 .20 )  I(E ,^ ) = I(E,% ) + ICD4 6  )
h o ld s fo r  every p o s it io n  o f  the p o in t 4  preceding the p o in t 6  on D. 
P roof.
By C orollary  1.1 we have
I(Ê -6 ) - I(Eg4 ) = ) - I* (Cgf).
In  the s p e c ia l  case when the curve C i s  a f ix e d  p o in t 1 and the v a r ia b le  
extrem al arc E i s ,  in  every p o s it io n , tangent to  the curve D, as shown 
in  f i g .  1 . 2 , we have
I(E,& ) -  ICE, ,  ) = I (D ,;  )
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s in c e
I  (C g j' ) — 0  
because C degenerates to  a p o in t in  t h i s  ca se .
The term I *  ) i-s equal to  I(D^^ ) because the d ir e c t io n  dxs 
dyj dz o f  the curve D co in c id es  w ith  the d ir e c t io n  1: y ' :  z o f  the  
v a r ia b le  extrem al arc E a t  th e ir  in te r s e c t io n .
This com pletes the proof.
F ig . 1 .3
THEOREM (1 .5 )
I f  each arc E o f  a one-parameter fam ily  o f  extrem als i s  cut 
tr a n sv e r s a lly  by a curve C and i f  the fam ily  has fu rth er  an envelope D, 
as shown in  f i g .  1 . 3 » then the equation
( 1 . 2 1 ) I ( E ^ ^ )  = I ( E ^ ^ )  + KDyt  )
holds fo r  every p o s it io n  o f  the p o in t 4 preceding the p o in t 6  on D. 
P roof.
The proof i s  the same as fo r  Theorem ( 1 . 4 )  except 1 ^ ( 0 3 5 -)
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van ish es because o f  the tr a n s v e r s a lity  and not because C degenerates to  
a p o in t ,
THEOREM ( 1 . 6 )
Every non -sin gu lar  m inim izing arc fo r  the problem o f th is  s e c t io n  
must be an extrem al and s a t i s f y  the fo c a l  p o in t conditi.on i f  we assume 
, ^ ) i s  d if f e r e n t  from zero where 6  i s  a p o in t conjugate to  
1  on E , 4  d efin ed  by a zero Xg o f the determ inant A (x  , ^ )«
Proof
L et the extrem al E,̂  ̂ be contained in  a two-parameter fa m ily  o f  
extrem als
(1.22) y = y(x,c^, ̂  ),
z = z(x, o(, f )
fo r  parameter va lu es . A ll  the extrem als o f  th is  fam ily  pass
through the p o in t 2 ,
X = x ^  ,
J, ~ o( , , and
f  = .
Therefore y^, z^, ẑ  do n ot a l l  van ish  a t  (x^, )« I f  y  ̂ + 0 ,
fo r  exan ç le , the f i r s t  two o f  the d i f f e r e n t ia l  equations
(1 .2 3 )  = 0,
( 1 . 2 4 )  y ^  + y^d^ 0,
( 1 . 2 5 ) d aL + 2 çd^ - 0 ,
can be so lved  fo r  dx^ d l  and determ ine a unique so lu tior i x ( B ) ,  )
dç d f  '
through the i n i t i a l  p o in t o(j » ) .  For we have
^
A k = +
/ J
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Ax dx + dj^L 
d f
djL + y„
d^
+ A,
0,
0 .
and th e  determ inant o f  t h is  p a ir  o f  equations i s  
Ax
0  %
Ax3Ci * 0 .
Equation (1 .25 )  i s  a ls o  s a t i s f i e d  id e n t ic a l ly  by x (  ^ ) , o ( ( ^  ) ,  as 
we see  by consid erin g  th e  two ca ses which may occur.
Case I ;  4  0 , Then
del = -  % _
d f
from equation 1 .24 .  A lso
A  = = 0 , so th a t
2̂  a t but then  
z* XL
z ^ l ^  + Zç = 2 ^ ( -  2 * _  ) + , and
2 ^ ( -  ) + -Zç + z. = 0 ,
Case I I : 2 ^  = 0 .  Then from
2 ‘ = 0  we have
^  Zç = 0 .  Then 
y^ # 0 , and n e c e s s a r ily  
Zç = 0 , so th a t  
equation  1 . 2 5  i s  t r i v i a l l y  s a t i s f i e d .
In  any case th ree  fu n c tio n s , x ( t ) ,  o ( ( t ) ,  and ^ ( t )  are d eter»  
mined, t  being d  or  ̂ , which take the i n i t i a l  v a lu es  x^, for
th e  va lue t  = t ,  .
We now have one-parameter fam ily  o f  extrem als
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( 1 . 2 6 ) y jx ,  ^  ( t ) ,  ^ ( t ) ]  = y ( x , t ) ,
z [x , o (,(t), ^ ( t ) ]  = z ( x , t ) .
L e t D be a  curve d e fin e d  a s  fo llo w ss
(1 .2 7 )  x ( t ) ,
y [ x ( t ) ,  t ]  = T ( t ) ,  
z [ x ( t ) ,  t ]  = Z ( t) ,
The f a c t  -ttiat D i s  ta n g e n t a t  each  o f  i t s  p o in ts  to  one o f  th e  
e x tre m a ls  1 .26  i s  e x p re ssed  by  th e  eq u a tio n s
(1 .2 8 )  x ' ( t )  = A .
3^(X +  y^ =  A y ,  ,
z^x + z  ̂ = Azx,
w here A i s  a  f a c to r  o f  p r o p o r t io n a l i ty  and where th e  argum ents o f  th e  
d e r iv a t iv e s  o f  y  and z a re  x ( t ) ,  t .
The curve D s a t i s f i e s  e q u a tio n s  1 .28 s in c e  th e  e q u a tio n s  1 ,23  and 
1 .2 4  show t h a t  th e  d e r iv a t iv e s  y^ , z^ v a n ish  i d e n t i c a l l y  a long  i t .
I t  fo llo w s t h a t  th e  fa m ily  1 .26  i s  a  one-param eter fam ily  o f  ex trem a ls  
w ith  an  envelope D to u ch in g  th e  ex trem al a rc  a t  th e  co n ju g a te  p o in t  
6.
The envelope theorem  th e n  i s  a p p lic a b le  to  th e  fam ily  and th e  
theorem  fo llo w s .
DEF.
Ey c o n d it io n  we s h a l l  mean th e  f i r s t  n e c e ssa ry  c o n d it io n  p lu s  
th e  t r a n s v e r s a l i t y  c o n d it io n ,
DEF.
The symbol 1 1^  w i l l  be used  to  d en o te  th e  f o c a l - p o in t  c o n d it io n  
s tre n g th e n e d  so  a s  to  exclude  th e  p o in t  2 on E,_̂  from  being  a  fo c a l  
p o in t  o f  S.
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DEF.
L e t
y = y(x. ck »  ̂)* 
z = z (x ,  f  )
be a  tw ooparam eter fa m ily  o f  e x tre m a ls , c o n ta in in g  a p a r t i c u l a r  a rc  
f o r  v a lu es
X |  ^  X  6  X]^ ,  » Ço
and such t h a t  th e  fu n c t io n s  y , z , % ,  z^ b e lo n g in g  to  th e  fa m ily  have 
co n tin u o u s p a r t i a l  d e r iv a t iv e s  o f  a t  l e a s t  th e  second o rd e r  i n  a  n e ig h ­
borhood o f  th e  v a lu e s  (x , ^  ) b e lo n g in g  to  E. Such a fa m ily  i s  s a id  
to  sim p ly  cover a  re g io n  £  o f  x y z -sp ace  f o r  v a lu e s  (x , o(., ^  ) s a t i s f y in g  
c o n d it io n s  o f  th e  form
X,  - € 6 x 6  x ; x +  6  ,
I </ -  «ioj 6  €  »
- ^ | 6  €
i f  th ro u g h  each  p o in t  ( x ,y ,z )  o f  F th e r e  p a sse s  one and on ly  one o f  th e  
e x tre m a ls .
DBF.
L e t
y  = y (x ,  ^ f  
z = z (x ,
be  a  two p a ram ete r fa m ily  o f  e x trem a ls  t h a t  s im ply  cover a  f i e l d  F .
The fu n c t io n s
p ( x ,y ,z )  = yx [ x .  q ( ( x ,y ,z ) ,  ^ ( x .y .z ) ]  , and
q ( x ,y ,z )  = z^ [x , J , ( x , y , z ) ,  ^ ( x ,y ,z ) ]
a r e  c a l le d  th e  s lo p e  fu n c tio n s  o f  th e  fa m ily  i n  F.
DEF.
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A f i e l d  i s  a  re g io n  F o f  x y z -sp ace  w ith  a  p a i r  o f  s lo p e  fu n c tio n s  
p ( x ,y , z ) ,  
q ( x ,y ,z )
hav ing  th e  fo llo w in g  p r o p e r t i e s :
1 ) They a r e  s in g le  v a lu ed  and have co n tinuous f i r s t  p a r t i a l  d e r iv a t iv e s  
i n  F;
2 ) The e lem en ts [x , y , z , p ( x ,y ,z ) ,  q (x ,y ,z ) ]  d e f in e d  by  p o in ts
( x ,y ,z )  i n  F a r e  a l l  a d m iss ib le , and
3) The H i lb e r t  i n t e g r a l
J  [ f d x  + (dy -  y''dx)f^^ + (dz -  z  ̂d x ) f y ]  
i s  in d ep en d en t o f  th e  p a th  i n  F , i . e .  i f  th e  argum ents y '' and z* a re
re p la c e d  by  th e  s lo p e  fu n c t io n s  p and q , th e  i n t e g r a l  has th e  same v a lu e
on a l l  a rc s  i n  F having  s u i t a b l e  c o n t in u i ty  p ro p e r t ie s  and th e  same 
e n d -p o in ts  3 and 4 .
THEOREM (1 .7 )
I f  f o r  a  fa m ily  o f  ex trem als  
y  = y ( x , ^ .  f  ) ,  
z = z (x , J . , ^ )
c o n ta in in g  a p a r t i c u l a r  a rc  th e  d e te rm in a n t A (x , } i s  d i f f e r »  
e n t  from  zero  a lo n g  E,j^ , th e n  th e r e  i s  a  re g io n
X, - € 6 x 6  e
o f  p o in ts  (x , § ) and a  neighborhood F o f  E ,i i n  xyz-space  such  t h a t
F i s  s im p ly  covered  by  th e  ex trem a ls  f o r  v a lu e s  (x , ^ ) in
X,  -  e  ^  X 6  £
and f u r t h e r ,  such  t h a t  i n  F th e  s lo p e  fu n c tio n s  p ( x ,y ,z ) ,  q ( x ,y ,z )  o f
th e  fa m ily , a s  w e ll  a s  th e  fu n c tio n s  oC (x ,y ,z) and ^ ( x ,y , z ) ,  have 
co n tin u o u s p a r t i a l  d e r iv a t iv e s  o f  th e  second o rd e r .
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THEOREM ( 1 . 8 )
I f  a  turo-paraiaeter fa m ily
i s  c u t  by  a  s u r fa c e  S d e f in e d  by th e  fu n c tio n s
( 1 . 2 9 )  f ( J , .  f  )
( < / , . ? )  = y  C f (  A .  f  ) . " ( . .  f l
and i f  on S th e  i n t e g r a l  1 *  , form ed w ith  th e  s lo p e  fu n c tio n s
^  f   ̂K ( ^  ♦ c4* ^  )
o f  th e  i n te r s e c t in g  e x tre m a ls , i s  independen t o f  th e  p a th , th e n  e v ery
re g io n  F o f  x y z -sp ace  w hich i s  s im p ly  covered  by  th e  e x trem a ls  i s  a
f i e l d  w ith  th e  s lo p e  fu n c t io n s  o f  th e  fa m ily , p ro v id ed  t h a t  th e  d e te r ­
m inan t A( x t  t f  ) o f  th e  fam ily  i s  d i f f e r e n t  from  zero  a t  each s e t  o f  
v a lu e s  X ,  otŝ  , ^ co rresp o n d in g  to  a  p o in t  on F,
THEOREM (1 .9 )
I f  th e  c o n d it io n
'^%V + > 0
i s  v a l id  a t  ev e ry  e lem ent ( x ,y ,z ,y ^ z )  o f  an a rc  f o r  a l l  v a lu e s  ^  
su ch  t h a t
+ X'- = 1 .
th e n  th e  in e q u a l i ty
E (x ,y ,z ,y",z '.Y f Z) > 0
w i l l  be s a t i s f i e d  a t  l e a s t  f o r  a l l  e lem ents (x ,y , z ,y ', zO and (x ,y ,z ,Y , Z) 
ly in g  i n  a s u f f i c i e n t l y  sm all neighborhood N o f  th o se  on E,^ and hav ing  
( < Z )  4 ( y : / ) .
The p ro o fs  o f  Theorems 1 .7 , 1 .8 , and 1 .9  can be found i n  B l i s s ’ 
"L ec tu re s  i n  th e  C a lcu lu s o f  V a r ia t io n s " ,  ( [ l ] )  pages 38, 47, and 23
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r e s p e c t iv e ly .
THEOREM (1 .1 0 )
L et E,^ be  an a d m iss ib le  a rc  w ith o u t c o rn e rs  c u t  a t  a  s in g le  
p o in t  1 by  a  s u r fa c e  S w hich i s  n o n -s in g u la r  and n o t ta n g e n t t o  th e  a rc  
E |3  ̂ a t  1. I f  E , t  s a t i s f i e s  th e  c o n d it io n s  I I I  , IV^ th e r e  i s  a  
ne ighborhood R, o f  th e  v a lu e s  (x ,y , z.y^z^) be lo n g in g  to  Ê ĵ  such t h a t  
th e  in e q u a l i ty
I(C3Z ) > I ( E , i  )
h o ld s  f o r  e v e ry  a d m iss ib le  a rc  Cj^. i n  R jo in in g  S w ith  2 and n o t id e n ­
t i c a l  w ith  Ey^,
I f  E,]^ i s  n o n -s in g u la r  and s a t i s f i e s  th e  c o n d itio n s  I  , 11^,
IV^, th e n  th e r e  e x i s t s  a  neighborhood F o f  th e  v a lu e s  ( x ,y ,z )  on E ,^ 
such  t h a t  th e  in e q u a l i ty
1 ( 0 , ^ )  > I (E ,^  )
h o ld s  f o r  ev e ry  a d m iss ib le  a rc  zn F jo in in g  S w ith  2 and n o t id e n ­
t i c a l  w ith  E,%̂  .
P roo f
C ond itions I  and I I I  im ply  t h a t  E ĵ  ̂ i s  a  n o n -s in g u la r  ex trem al 
a r c  and hence b e lo n g s to  a  tw o-Jjaram eter fa m ily
y (x , o C . f ) .  z (x , o C . f )
o f  e x tre m a ls  c u t  t r a n s v e r s a l ly  by  th e  s u r fa c e  S by theorem  1 .6 .  The 
d e te rm in a n t A (x , U,. f ,  ) o f  t h i s  fa m ily  i s  d i f f e r e n t  from z e ro , n o t o n ly  
a t  th e  p o in t  1 b u t  a t  e v e ry  p o in t  o f  E ,^  , s in c e  th e  su rfa c e  S has no 
f o c a l  p o in t  on E,^ , by  c o n d it io n  IV^^ . For € sm a ll enough th e  
e x tre m a l a rc s  d e fin e d  in  th e  fa m ily  by v a lu e s  x , ^ s a t i s f y in g  th e  
c o n d it io n s
X, - € < x < x ^  +  € ,
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-  o(,| <1 (i,
I ?  -  ^ , | (  €
w i l l  s in ç )ly  cover an  open re g io n  F o f  x y z -sp ace  by  theorem  1 .7 , th e r e ­
f o r e  no two members o f  th e  fa m ily  can i n t e r s e c t  when C i s  s u f f i c i e n t l y  
sm a ll . By th e  u su a l  im p l i c i t  f u n c t io n  theorem s [ l ]  a p p lie d  to  th e  
e q u a tio n s
y  = y (x , ^  ^ z = z (x , ^ f  ) 
e v e ry  p o in t  (x ,y , z )  which i s  covered  by  th e  e x tre m a ls , has a  n e ig h b o r­
hood w hich i s  a ls o  covered , so  t h a t  F i s  an  open re g io n . By theorem  
1 ,8 , th e  re g io n  F i s  a  f i e l d  w ith  th e  s lo p e  fu n c tio n s  o f  ttie  fam ily ,
s in c e  th e  ex trem a ls  o f  th e  fa m ily  a re  c u t  t r a n s v e r s a l ly  by  th e  s u r fa c e
*
S, The v a lu e  o f  th e  H i lb e r t  i n t e g r a l  I  w ith  th e  s lo p e  fu n c tio n s
p ( x ,y ,z ) ,  q ( x ,y ,z )  
o f  th e  f i e l d  i s  zero  a long  ev e ry  a rc  L i n  F on th e  t r a n s v e r s a l  su rfa c e  
S by  d e f i n i t i o n  o f  t r a n s v e r s a l i t y .
The e q u a tio n
I (C j^  ) T I (E ,^  ) = f E ( x , y , z , p , q , y ' , z ) d x  
h o ld s  f o r  ev e ry  a d m iss ib le  a rc  in  F jo in in g  th e  s u r fa c e  3 w ith  th e
p o in t  2 , For, i f  L,g i s  an  a rc  on S i n  F jo in in g  th e  p o in ts  1 and 3, 
th e n ,
) -  I ( E , x  ) ~ ) " I  + C-52. )
because  th e  H i lb e r t  i n t e g r a l  w ith  p ,q  i s  independen t o f p a th  i n  a  f i e l d .  
Choose R, so sm a ll t h a t  a l l  i t s  e lem en ts (x ,y ,z ,y 'z O  and a s s o c ia te d  
e lem en ts  [ x ,y , z ,p ( x ,y , z ) ,  q ( x ,y ,z ) ]  a re  i n  th e  neighborhood N o f  
theorem  1 ,9 .  Then
E ^  0 u n le s s  
y '  = p , and
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= q
a t  e v e ry  p o in t  o f  0,̂  ̂ . But th e  d i f f e r e n t i a l  e q u a tio n s
y '  = p ( x ,y ,z )  and 
l!  = q ( x , y , z )
have o n ly  one s o lu t io n  th ro u g h  th e  p o in t  2 which i s  E/% . This com-
■/V’
"t / 'Jri
p le t e s  th e  p ro o f  f o r  th e  case  I  , I I I ,  IV , For th e  case  where I I
IV^, I ^  h o ld  choose a  neighborhood F so  sm all t h a t  th e  c o n d it io n
( x ,y ,z ,p ,q )  a  member o f  F
im p lie s
( x ,y ,z ,p ,q )  a member o f  K 
w here N i s  d e f in e d  as i n  th e  d e f i n i t i o n  o f  11^„ By th e  same rea so n in g  
as above
K C 3 1  ) -  I ( E , i  ) > 0
u n le s s
7 ' = p , and
z ' = q.
But th e n
This com pletes th e  p ro o f .
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S ec tio n  I I
space w ith  one end-point on a ciir?e «
The problem to  be stu d ied  in  t h is  s e c t io n  i s  th a t  o f f in d in g  in  
a c e r ta in  c la s s  o f  adm issib le  arcs jo in in g  a f ix e d  l in e  L to  a f ix e d  
p o in t  2 one which m im m izes th e  in te g r a l
I  = /  f (x ,y , z , y^ z' )dx
1̂
in  the space o f  ^ -tu p les  ( x , y , Z 5 y , z )  o f  r e a l  numbers.
We w i l l  show th a t  through a l in e  L in  three space i t  i s  p o s s ib le  
to  co n stru ct a su rfa ce  3 o f  th e  type d iscu ssed  in  s e c t io n  I .  Conse= 
qu en tly , t h is  w i l l  reduce the problem o f  t h is  s e c t io n  to  th a t o f  s e c t io n
I .
I t  i s  obvious th a t  fo r  a m inim izing arc the con d ition s I ,
I I ,  I I I  must be s a t i s f i e d .  The tr a n s v e r s a lity  co n d itio n  fo llo w s from 
theorem 1 .2  i f  in  the proof and statem ent o f  th is  theorem we rep lace  
th e  su rface  S by th e  curve L,
DEF.
I f  the determ inant a Ĉî *(, (3 ) i s  not id e n t ic a l ly  zero along  
E,i^ a p o in t d efin ed  on E,^ by  
A (X ,  e(, , f t  ) = 0 
and such th a t x  # x, i s  c a lle d  a fo c a l  p o in t o f  the cu:nre L :n E,t 
DEF.
A non^-singul.ar extrem al arc E,̂  ̂ cu t tr a n sv e r sa lly  by a ncn-  
s in g u la r  curve L a t  the p o in t 1 , and n et tangent to  1 a t  1, i s  sa id  
to  s a t i s f y  the fo c a l  p o in t co n d itio n  i f  there e x is t s  nc fo c a l  point, o f  
L on E , 2  between 1 and 2.
Let the curve L be d efin ed  by the fu n ction s
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(2 .1)  f (  <Â. ) ,
'Tf ( o( ) ,  and
? (  )
i  cL é  é  jA )
which have continuous "üiird order d e r iv a t iv e s , and suppose th a t L does 
not in te r s e c t  i t s e l f  and has on i t  no s in g u la r  p o in ts .
To form ulate a n ecessary  co n d itio n  IV fo r  t h i s  problem assume 
th a t  the arc whose minim izing p ro p ertie s  are to  be stu d ied  i s  a 
non -sin gu lar  extrem al arc cu t tr a n sv e r sa lly  by L so  th a t a t  the in t e r ­
s e c t io n  p o in t 1 o f  and L th e  con d ition
( 2 .2 )  ( f  -  y 'f , .  -  z ' f , .  ) f  + + 4 - ^  = 0
i s  s a t i s f i e d .  A lso assume th a t the fu n ctio n  f  i s  not zero a t  the e l e ­
ment ( x ,y ,  z , y^z)  belonging to  the p o in t 1 on E,â  . This im p lie s  L i s  
n ot tangent to  E,^ a t  th e  p o in t 1 s in c e  (2 ,2 )  and the e q u a lity  o f  the
d ir e c t io n s  1 j y  s z and 0^^ s ^  imply f  “ 0 a t  1,
THEOREM (2.1 )
Every n on -singu lar m inim izing arc fo r  the problem o f  t h is  se c t io n  
must be an extrem al and s a t i s f y  the fo c a l p o in t con d ition .
I f  in  the proof o f  Theorem 1 .6  we rep lace  the statem ent, "the 
su rface  5", by, "the curve L", the proof o f  t h is  theorem i s  immediate. 
DEF.
When the v a r ia b le s  x , y , z , yi z  are rep laced  by the new s e t
X ,  y, z, u, V for which u and v are defin ed  by th e  equations
( 2 . 3 )  u = (x ,y ,z , y^z' ) ,
V =  f j g '  ( x , y , z , y ^ z O ,  
th en  th e  new v a r ia b le s  x , y , z , u, v are c a lle d  canonical v a r ia b le s . 
and the equations o f  the extrem als in  terms o f  them are c a lle d
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c a n o n ic a l eq u a tio n s
We w i l l  assume th a t  the reg io n  R c o n s is ts  on ly  o f  i n t e r i o r  p o in ts  
(x ,y ,z ,y^ , a t  which the determ inant
i s  d i f f e r e n t  from zero , and th a t the equations 2 ,3  d e fin e  a 1 -  1 co r-  
respondence between the p o in ts  (x ,y ,z ,y ' ,z ‘’} o f  R and the p o in ts  
( x , y , z , u , v )  o f  th e  reg ion  S in to  which R i s  tran sfo rm ed  by  means o f 
equations 2 . 3 .  The equations 2 ,3  then have a s in g le -v a lu ed  so lu t io n
( 2 .4 )  y '  = P ( x , y , z , u , v ) ,  
z' = Q(x ,y , z , u , v )
which a lso  r e la te  corresponding p o in ts  o f  R and S ,
This i s  a r e s u l t  o f  e x is te n c e  theorem 's f o r  im p lic i t  f u n c t io n s ,  
the proofs o f  which can be found in  B l is s  "Lectures in  the C alculus e f  
V ariation s" , p. 269.
DEF.
A fu n ctio n  H(x,yg z ,u ,v ) ,  the H am iltonian  F u n c tio n , i s  d e f in e d  by 
th e  equation
( 2 . 5 )  H ( x , y , z , u , v )  = y^f^' + z'fg." °  f
= Pu + Qv -  f  ( x , y , z ,P , Q ) ,  where y  = P, z^= Q, 
Taking p a r t ia ls  o f  H we have
( 2 .6 )  = P = y ^ 5  and
Hy = Q = z%
Let
( 2 .7 )  f (  ? ).
^  (  9  ^  )  9
f  )
d e f in e  a su rface  S , such th a t  the p o in ts
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C2.8)
are  a d m iss ib le . A lso assume the f iv e  fu n ction s T» ^  » ^ ^
have continuous p a r t ia l  d e r iv a t iv e s  o f  the th ird  order. The H ilb ert  
In te g r a l
[ f d x  + (dy -  y'dx)f^' +(dz = z"dx)f^' ]  
then  has the form
/ ( Ç i J .  + ÎJi f  ) .
When we l e t
then
dx = ^  d A  + ,
dy  = T ^ d l. + , and
dz -  ^ d o k  + ^  d ^  ,
The H ilb ert I n t e g r a l  i s  th e n
= /  [ f t  t  ]  8 A +
[ f f «  + ( % -  f  d p  .
Therefore we have
( 2 . 9 )  Ç = f t  + ( > V  + ( ■■ ’ and
tj, = f  t  * (  '’(( ■' d;' f j  ) f  j- + ( ^  f f  ) f  •
I f  th e re  i s  a fu n c t io n  
W( J , , ^ )
w ith  continuous p a r t i a l  d e r iv a t iv e s  o f  th e  t l i i r d  o rd e r  and such t h a t
IZ, = , and
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%= Wç .
then  th e  H ilb er t In teg ra l i s  the in te g r a l o f  dW and i s  independent c f  
the path in  S. By theorem 1 .8 ,  the two parameter fam ily  o f extrem als 
w ith  the i n i t i a l  elem ents 2 .8  w i l l  form a f i e l d  in  every reg ion  F which 
i t  sim ply covers. I f  the su rface  S o f  2 ,7  and the fu n ction  W( ^   ̂ )
are a r b it r a r i ly  s e le c te d  in  advance in  such a way th a t the su rface  i s  
non -singu lar and the fu n ction s f  ^  , W have continuous p a r t ia l
d e r iv a t iv e s  o f the th ird  order, then the p o in ts  2 ,8  can be determined by 
so lv in g  fo r  and ^  , as fu n tion s o f  and ^ , in  the equations
(2 .10 )  f  + ( T&l -  + ( % -  = W/ .
( 2 . 1 1 )  f  fç  + ( i ? f  = W f .
Im p lic it  fu n ctio n  theorems assure us th a t so lu tio n s
y ( (  I ,  f  ) .
/ (  i f  )
e x i s t ,  provided the equations 2 ,10 and 2,11 have an. i n i t i a l  so lu tio n  
( ^  ^  ) and, th a t  the p o in t 2 .8  i s  ad m issib le  and makes the
fu n c tio n a l determ inant d if fe r e n t  from zero [ l , p . 2 6 9 ]  .
Let us retu rn  to  th e  problem o f  con stru ctin g  a su ita b le  su rfa ce . 
Consider a two-parameter fam ily  o f  extrem als
(2 .12 )  y (x ,  ^  , ^ ) ,  z (x ,  ^  ^ )
conta in in g  the arc E,^ fo r  va lu es x ,  ̂ s a t is fy in g  con d ition s o f  
the form
X. 4  X  6  x% , À  =  * g  =  ÿo
and such th a t  each extrem al o f  the fam ily  i s  cu t tr a n sv e r sa lly  by the  
curve L a t  the p o in t d efin ed  on the extrem al by the value
X = f  ( ^. ) ,
To prove the e x is te n c e  o f  the fam ily  2.12 consider a d ir e c t io n  
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1 : m: n tra n sv e rsa l to  a t the p o in t 1 ard not in  th e  plane d e te r ­
mined by th e  tangent to  L and a t  the p o in t 1, Consider th e  equa­
t io n s
(2 . 13 )  + v ^  = 0,
-HI + um + vn =  ̂ ^
where ^  (co n sta n t) i s  s e le c te d  a r b it r a r i ly . The arguments o f  H are
( x , y , z , y , z )  = [ f (  ^  )f 3  ̂ ( A  ) » ? ( “( ) »  »̂ v ] .
We have
- H ^  + u l^  + V ^  = 0, or
and thus
( 2 . 1 4 )  +  C +  ( X  - / p ' ’ =  0 .
S im ila r ly
-EL + urn + vn = ^ »
-y ' 1 -  2.' + f l  + urn + vn = p ,
( 2 . 1 5 ) f l  + (m -  y ' l ) u  + (n -  z / l ) v  = ^  , and thus
( 2 . 1 6 ) f l  + (m -  h^'l)u + (n -  ^ l ) v  =  ̂ ,
Equations 2 .13  are s im ila r  to  equations 2.10 and 2.11 w ith  the
v a r ia b le s  x ,y ,  z ,y ,  z' rep laced  by th e  canonical v a r ia b le s  x , y ,  z , u , v .  They
have the sp e c ia l so lu tio n
( « ( ,  ^ , *  , 9 ) = ( c L ,  & , Ih,  V, )
where u, and are the va lu es o f  fy  and f^- r e sp e c t iv e ly  a t the
p o in t 1 on E,̂  ̂ . At the in te r s e c t io n  p o in t 1 o f  Ê  ̂ and L the tra n s­
v e r s a l i t y  co n d itio n  i s  s a t i s f i e d  and th ere fo re  we have
( f  -  y^f^. -  z ' ï ^ -  ) + + I ' g  = 0
a t  the p o in t 1 . Then
fK , "  + u^j^ + = 0, o r
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( f  — y  '" 2  ^■' ) l  + iti + ^ 1 1  — 0 
a t  th e  p o in t 1 and th ere fo re
f l  + (ra =■ -7 ( 1  )u + (n « ^ 1  )v 3  0 = ^  ~
a t  the p o in t 1 on E,% .
The fu n ctio n a l determ inant o f  equations 2 ,13  w ith  r esp ec t to  a 
and V i s
( 2 . 1 7 ) ( &
(
(
( 'yri )
J
m
t n
because on E II we have
= H
2  =  0
The l a s t  determ inant i s  d if fe r e n t  from zero a t  th e  p o in t 1 because a t  
th a t  p o in t the th ree  r a t io s  (1 : y ' :  ^  ) , C I s  m s n
determ ine l in e s  which are not coplanar, according to  our h yp oth esis . 
Then, according to  theorem 1 ,7  equations 2.12 have continuous second 
order p a r t ia l  d e r iv a tiv e s  near the values ( ^ j ) and such th a t
c/o B £̂< ̂ ~ !>
0 /, , ) = V, .
The fam ily  o f  extrem als obtained by su b s t itu t in g  th e  i n i t i a l  va lu es
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f  ( " ( . ) .  ^ ( = ( . ) .  u(  4  ^ v(  ^  , p  )
in to  th e  so lu tio n s  o f  equation 2 . 6  i s  a two=parameter fam ily  2 . 1 2  cu t 
tr a n s v e r s a lly  by th e  arc L a t  the value
X = !"( o( )o
THEOREM (2 .2 )
I f  the Legendre co n d itio n  I I I  holds a t the i n i t i a l  p o in t  ̂ o f  the  
non -sin gu lar  extrem al arc Ê  ̂ , then  the fam ily  2 . 1 2  has a determ inant 
A ( x ,  ^  ) which van ishes a t  x, but i s  d if fe r e n t  from zero near x̂  , 
so  th a t th ere  i s  no fo c a l  p o in t o f  the curve L determined by t h is  
fam ily  on E,j near the p o in t 1 ,
Proof
Note th a t th e  equations
9 ( (  ^  ) = y  ) ,  , (3] and
^  ) = z [ f (  ^  ) ,  , g ]
hold  along th e  curve d efin ed  by the fu n ction s 2 .1 .  By d if f e r e n t ia t io n
w ith  resp ec t to  and Ç th ese  equations e v id e n tly  im ply th a t a t the  
p o in t 1
+ Yj, ; % = 0.y^ ; ^  + 2̂
( 2 .18)  3  ̂ = ip, -  / y Æ  = c, . y,
( 2 . 19 )
or
= 0 „ and
Therefore a t  the p o in t 1 we have
= 0 .
By an a p p lic a t io n  o f  T aylor's formula to  th e  column 3  ̂ , .  z  ̂ o f  A(%«  ̂ f  )
z^ (x)
y f ( x )
(x)
y*,(x) y^(x) + y^[x + Q,(x -  x, ) (x -  x ,  ) 
z , ( x )  z* (x )  4 z^[x + Q^(x -  X,)  (x -  x„ )
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+  ( x  -  X, )
ŷ  [x  +  Q, ( x -  X , ) ]
-  X, )J2^ Zf [x  +  Q, ( x
(2 . 20 )
Then we have a t  the p o in t (x, , ) ,
(2 . 2 1 )
)^(x, ) y^(x,)
= (x, -  X, ) = (x, -  X, )
C( y.
z^(x, ) Zç(x, ) 2k 4
= Go
I f  we d i f f e r e n t ia te  equations 2 .13  w ith  r esp ec t to  Ç we see
“Hflp = 0 and
H = H [ ^ (  c/, )♦ 3 |(  ) ,  ^ ( ) ,  u, v ]  , th erefore
-Hç = -H^u  ̂ -  HyV̂  = - y 'n ^  -  z'v^
We now have
tk -  2' Vg ^  + Û 7(ĵ  + v̂  ^
( %  ( &  - 2  
( 2 . 22 )  c, u  ̂ + c%Vp = 0.
S im ila r ly , we have
— 1 — HL̂
= 0, or 
= 0, and thus
1, or+ u^m + um̂  + Vç n + vn^
(m -  y"l)u^ + (n -  z ' l )v^ = 1 
and we see  th a t  the d e r iv a t iv e s  u^ and v̂  are not both zero and th a t
th e  determ inant 2.21 i s
+
except fo r  a non-vanishing fa c to r . I f  both c, and Cĵ  are zero, then  
3, = = 0. and
/ and i
Ihen (1 , y \  z' ) ,  the d ir e c t io n  o f  E,, , i s  the same as ( 1, % . . A  ),
th e  d ir e c t io n  o f  L but t h i s  co n tra d ic ts  the h yp othesis th a t L i s  not 
tangent to  Ey% . Therefore c, and ĉ  ̂ are not both zero a t  the p o in t 1. 
We w i l l  now show 2.21 i s  u^y^ + v̂  z  ̂ except fo r  a non-vanishing  
fa c to r .  Let us consid er the d if f e r e n t  cases which can occur.
Case I .  ( u? t  o,
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This im p lie s  4 0 and ^ 0 .  Then
c, -  o^y'^ = c ^ p  _C_ )2ç -  + y /  )
= ( -0^ ) (  ZfVf + y > 6  ) .
Case I I .  ( t o ,  t  0 ) .
This im p lies c, f  0 and # 0 . We then have the same argument as in  
case  I .
Case H I .  ( u  ̂ t  0, t  0 )
Then we have
c, z' -  c ^ y '  = C;, [  ( « c j z p  ~ y l ) = Cl tr (_ & J z l -  y l  )
c, û
= =£a^(’̂ fZ' + u^y^ ) .
Case IV. ( f  0, c, t  0 ) .
Then we have
c, Zp -  c^y '  = c, [ z ^  -  ( _ W y ^ ]  = c, [  z^ +
c, v̂
= «2c_ ( z^Vç + u^yy ) .
'''ifWe have
(2 .22)  u = pi, ),'3^( oC ) ,  o( ) , y% z^J, where
y  = y" [ f (  ol ) .  o( ,  ̂ . and
Z = z '  cK ) ,  ,  ̂ ]  ,
A lso we have
( 2 . 2 3 ) V = % [ f (  <<),';^( cA ). ^ (  ois ), y ' .  z ' ]  , where
y ' = y^ET ( <̂  )» o( . ^ , and
z' = z'' [  Y (  <̂  ) .  o( . .
Taking the p a r t ia ls  w ith  r e sp e c t to  ^  we see
(2 .2 4 )  Uç = y  ̂ + fy z ' Zg » and
= 4'^' y^ + U ’s! z  ̂ , and then
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( 2 . 2 5 )  ^  '
By th e  Legendre con d ition , i . e . ,  co n d itio n  I I I ,
y t  + 2^yf + %£' 4  à  0, or
%  (% f  + 2^/g, (]% ) + %Z'  ̂ 0
Because equation 2 ,25  i s  l in e a r  on the l e f t  in  (ye ) . i t  i s  seen  th a t  
th e  ro o ts  must be eq u al. But then
^'2 -  %'ii' °
and t h is  in ç )lie s  th a t i s  not n on -singu lar which i s  a con tra d ic tio n .
Therefore we have
^ 4  + ^ 4  = 4 4  + 4 ': '  z g >  0
and e v id e n tly  (x , of*, ) van ish es a t  x, but i s  d if fe r e n t  from zero
near x, .
DEF.
A su rface S i s  sa id  bo be n on -singu lar a t a p o in t  
oL I» ^ ^  ^  )»
9 ( (  ^  , g  ) = ")%( Xo , fo ) .
d  , f  ) = y (  , fo )«
f <  &
f ?  I f  %
i f  the m atrix i s  o f  rank two a t  th e  p o in t (o(^,fcX
THEOREM ( 2 . 3 )
I f  a non -sin gu lar  arc E,  ̂ i s  cu t tr a n sv e r sa lly  by L a t the p o in t  
1 and contains no fo c a l  p o in t o f  L, then tlrirough th e  curve L th ere  i s  a 
n on -sin gu lar  su rface  S tra n sv e rsa l and not tangent to  E,  ̂ a t  the p o in t 1, 
and such th a t on E,  ̂ there i s  no fo c a l  p o in t o f  S.
P roof.
Consider the fu n ctio n s A( ^  , g  ) ,  B( J, , ^ ) ,  C( ^  ) defined
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by the equations
(2 .2 6 )  A = 1  f  '  ^0
B = m
C =  n  -  H y...
f
in  which 1 , m, n are the va lu es appearing in  equations 2 . 1 3 , and the  
arguments o f  , and f  are th ose  a sso c ia ted  w ith the so lu tio n s
u ( , ^ )p  v(  ̂ ) o f  equations 2 .13 .  The su rface defined  by the  
fu n ction s
(2 .27 )  % (  j .  . g  . 6  ) = ? (  4  ) + 6 j A (  g )d^ .
Tf,( Jk . f  . « )  = ? { ( < < )  + €  J b( ^  ^ )d? ,
t  ^  » € . )  -  C( ;j( • ^ )d
has continuous d e r iv a tiv e s  o f  a t  l e a s t  th e  second order in  s ^ s €
and conta ins th e  cutnre L fo r
^ = gp .
A lso th is  su rface  i s  n on -singu lar along the curve L, provided  
€, 4
We have
? (  )  + ^  ) d ^  ,
f "( =( ) + . f  ) d f  ,
Ê A( ^ ) ,
(  A^ ( ;> ^ )  »
%e ~ ^ ) d g  ,
0 ,
( o i )  + e h j
7̂ ( tk ) + c | V '  ^ t  ̂ ) d ^  ,
J L )  + 6  j C ^ (  ^  , p  ) d f  .
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/L( ■<
-
^é£ == (
=
< ê ^
f?é£ =
and
For
^ ^  , we have
^ ( o l «  ) — ^ ( o ^ ) s
"Yo ( o( 5 f  » £  ) = '?[ ( o( ) ,  and
^  ( e( , 0 , £  ) =
Assume
(2 .28 )
: ? < = C ) .
/C«ik -  0̂
= 0, and 
= 0 . Thus
i s  not o f  rank two. Then
%jpfof -  ^
%-k (Ĉ  -  ^
[ ? (  "i ) + ] ê b  -  £ a [ ? ( ( 4 , )  +
C f (  «'■ ) + e / A j . d f ] £ C  -  € a [ ^ ( , ^ )  + € ^ ^ d ^ 3  
[ ■ > { ( U ) +  £ ^ % d f ] € C  - ^ € b [ ? U )  + € |c ^ d f l  
C f s f - A Y  + fe(B ^ A ^ d ^  -  ) ]
6  [  o f  -  A?’' + £ ( 0  /A ^ d f  -  A ) ]
£  [  C ^  -  B ^  + £ (C ^B ^d ^ s K d f ) ]
'Te
0,
0, and 
0,  or 
0 ,
0, and
= 0.
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We have
th ere fo re
a t
6 ^ 0 ;
B? ~ k  -yi
0,  and 
0
f  =
S im ila r ly  we have
o f  - A f
a t
Then by su b s t itu t in g  in to  equations 2 .2 6  we se e
m f  - = 0,
n f  = 2. ^ = 0 5 and
n ' ^  -  m ^ = 0
a t
f  == fo .
This im p lies (  ,
f  ^  ?
J '  ^
i s  not o f  rank two. But then we se e  th a t  the d ir e c t io n  I s m? n i s  in  
the plaite determined by the tangents to  L and a t  ^ » This
i s  a co n tra d ic tio n  and ther’e fo re  the matrrix 2 .28  i s  o f  rank two.
The equations
(2 .2 9 )
-HA, + uB + 
w ith  the arguments
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( x ,y ,z ,u ,v )  = ( f  ,7^0  ̂ 'po V u , v)  
are eq u iv a len t to  equations 2 . 1 3  when €. "  0 ard th erefore  have th e  
i n i t i a l  so lu tio n s
i ^ , 6  , u , v )  = [ ^ ,  ^ , 0 , u( oL , f  ) ,  ?(«<,
on which the fu n c tio n a l determ inant o f  th e ir  f i r s t  member w ith  r esp ec t  
to  u and v i s  2 . 1 7  and i s  d if f e r e n t  from zero near the values ( ) .
We have
+ ^ B , d f ] + v [ ^  + ^ c ^ d ^ ] = o ,
V» ^ &
and s im ila r ly  we have
For
"H [  1  J z ± . 1  + m -  + v [  n = = 0.
f  f  f
€  = 0 ,
f  = ^ 0  , and
Cj(. = o(u
we have
-r u'%̂  + v ^  = 0 , and
-HI + um + vn = 0 .
Equations 2.29 have so lu tio n s
^Cc^yS ^ 0 ^ ) 0
v (  c< , Q ̂  €  )
w ith  continuous d e r iv a t iv e s  o f  the second order and reducing to  the  
so lu tio n s
u( JL. $  ) .
v ( ^  . 9 )
o f  equations 2 . 1 3  fo r  
€  = 0
When su b stitu te d  w ith  ^  ^  from 2 .2?  as i n i t i a l  va lu es
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in  the fu n ction s
( 2 . 3 0 ) y (x  , a , b , G, d ) ,
z (x  , a , b , c , d)„
u (x  , a , b , c , d ) , and
v (x  , a , b , c , d ) ,
which have the form o f  th e  so lu tio n s  o f  the d i f f e r e n t ia l  equations
ÉZ = H, 
dx
dz = H, 
dx
du = -H, and 
dx
dv = -H, 
dx
th e se  so lu tio n s  d e fin e  a three-param eter fam ily  o f  extrem als,
( 2 . 3 1 ) ol̂  t) ^  9 £. )j
Z(x, ^  ^ , Ê ) .
When € 4 0  t h is  fam ily  i s  cu t tr a n sv e r sa lly  a t  
X = %C ^  ^ )
by the surface 2 .27 .  To see  t h i s ,  note th a t
= €  A,
= £ B, and
^ C,
and th a t
-Hdx + udy + vdz = 0 
i s  the tr a n s v e r s a lity  co n d itio n . Using equations 2 ,29  we have
+ vlYô  + v^^  -  0 , and
-HA£ + uB6 + vC£ = + u^^ + v^^  ^  0,  or
“H( + fe>̂  ) + + 1 0̂^ ) + v(  ) = 0
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and then
“Hdx + udy + vdz = 0 .
When £  = 0 , the th ree  parameter fam ily  o f  extrem als 2.51 conta ins the  
fa m ily  2 .12  cu t tr a n sv e r sa lly  a t  
X = f  i )
by the curve L. I t  can now be seen  th a t
(2 ,32 )  Y( ê> 5 Ç •> £  ) —  ̂ ^ s £  )s
(2 .3 3 ) ?
£  ) , P , £  ) ,
0)  = y (x , , Ç ) , and
0) = z(x,  oC ,
Z( %  ,
Y(x «
Z(x, ,
The determ inant
(2 .34 )  A ( x ,  .pi , ^ , £  ) - 
fo r  the fam ily  2 . 3 1  has the expansion
(2 .35 )  A (x, , ^ 0 , 6  ) = A ( x „ 0)  + eA^x, , ,  %), where
( 0 < e  < 1  ) .
The f i r s t  term on the r ig h t  in  2.35 i s  the corresponding determ inant fcr  
th e  fam ily  2 ,12 and consequently  i s  d if fe r e n t  from zero in  the interval. 
X, £ 7i é Xi. because o f  the con d ition  IV^, By d if fe r e n t ia t in g  equations
2 . 3 2  and using equations 2 . 2 7  we see
( 2 . 3 6 ) h  =
= + ÏÇ ~ ?
(2 .3 7 ) t  =
= Zf.T-f + Zç
We now have
A ( x , « ^ * £  ) -
7
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" \  %a )
[ %  + -  V  ^  ^
[ ^  + € / c ^ d ^ .  Z ^ ( ^  + e /A ^ d ^  )]
[€B
[€C
(T f̂ -
( ^ f  -  2^
" TgA£] 
-  Z^AC]
Therefore
fo , J.  , € . £  )
+ « / B^df -  ïg,( | (  + e/A ^df)] [£B -  €Y j^  
| [ i 5 +  « /C ^ d f -  Z g ( ( _ +  « /A ^ d f)]  [€C -  Zj,A]
[? { j  + / s ^ d (  - ï g ( ^ +  e/A ^ dp )J i f e B - e y ]
[  %. + /C ^ d f  -  Z^( Ç  + £/A ^df )] g ( C  -  CZjA]
[Tfl£ + / B , d f  .  1^,1^ -  - /A ^ d f ]  (eB -  £YjA]
[ &  + -  h t^  - /A *d f] [£0 -  £^ A ]
[ %  + £ / & d g  - ï j , ( f j ^ +  « A d f  )]
[ ? *  + -  z g ( f ^ +  ê/ aa-j ? 3
[ b -  AYJ
[O =. AZj]
and thus
2
* 0 .( 1 .  - Y % k )  ( %
(
because o f  2 .17.
Therefore there e x i s t  p o s it iv e  constan ts h, k, such th a t  
j^^x, , 8g) i s  d if fe r e n t  from zero fo r
X , ^  X ^  X,  + h,
0 ■< | € |  <  k.
Hence, fo r
0 <  j€l < k
and g iv in g  the same s ig n  as a (x , , O ) on the in terval,
X , <  X  <  X,. + h,
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th e  exp ression  2„35 w i l l  be d if fe r e n t  from zero on
X , 6 X  <  X , + h,
and i t  w i l l  a lso  be d if fe r e n t  from zero on the whole in te r v a l
X , é  X  é  Xa.
i f  €  i s  s t i l l  fu r th er  r e s tr ic te d  so  th a t on the in te r v a l
X, + h 4 X é  Xĵ
th e  second term in  2 <,35 has abso lu te  value l e s s  then th a t  o f th e  f i r s t  
term.
This com pletes the proof.
THEOREM (2 .4 )
Let be an ad m issib le  arc w ithout corners in  xyz-sp ace, cu t
a t  a s in g le  p o in t 1 by a n on -singu lar curve L and such th a t the in t e ­
grand fu n ctio n  f  i s  d if fe r e n t  from zero a t  th e  p o in t 1 on „ Then
<) >
fo r  the problem o f  t h is  s e c t io n  the con d ition s I , I I I  , IV are s u f f i c ­
ie n t  fo r  I(E,j^ ) to  be a r e la t iv e  weak minimum„ and th e  con d ition s I ,  
11^, iv"̂  w ith  the n o n -s in g u la r ity  o f  Ê  ̂ are s u f f ic ie n t  fo r  I(E4% ) to  
be a strong r e la t iv e  mi.niraum.
Proof
This theorem i s  a consequence o f  Theorem 1 .10  and Theorem 2 .3 .
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PART I I  
S e c tio n  I
Functions Spaces
In  the ordinary theory o f  maxima or minima, the e x is te n c e  e f  a 
g r e a te s t  or sm a lle s t  va lue o f  a fu n ctio n  in  a c lo sed  domain i s  assured  
by the Bolzano-W eierstrass convergence theorem: a bounded s e t  o f  po in ts
always conta ins a covergent sequence. This f a c t ,  togeth er  w ith  the  
c o n tin u ity  o f the fu n ctio n , serves to  secure the e x is te n c e  o f  an extreme 
v a lu e .
In the ca lcu lu s  o f  v a r ia tio n s  the co n tin u ity  o f  the fu n ctio n  
o fte n  has to  be rep laced  by a weaker property , sem i-co n tin u ity . Another 
d i f f i c u l t y  in  the ca lcu lu s  o f  v a r ia tio n s  a r is e s  from the f a c t  th a t the  
B olzano-W eierstrass convergence theorem does not hold i f  the elem ents o f  
th e  s e t  are no lon ger  p o in ts  on a l in e  or in  a n-dim ensional space, but 
are fu n c tio n s , curves or su r fa c e s .
There e x is t s  a remedy which very o fte n  proves s u f f ic ie n t  in  the  
d ir e c t  methods o f  the c a lcu lu s  o f  v a r ia t io n s , By a su ita b le  r e s t r ic t iv e  
co n d itio n  inçiosed on th e  fu n ctio n s o f  a s e t ,  one can again  ob ta in  a 
theorem analogous to  th e  Bolzano-W eiers trau ss theorem, namely, A rzela ’s  
theorem, which w i l l  be considered in  t h is  s e c t io n .
We w i l l  be concerned w ith  the e x is te n c e  o f  a minimum o f  a func­
t io n a l  on a fu n ctio n  sp ace . In p a r tic u la r  our in t e r e s t  w i l l  be d irec ted  
toward an arc len g th  fu n c t io n a l. Considering to p o lo g ic a l c h a r a c ter is ­
t i c s  we w i l l  see  what r e s tr ic t io n s  p laced  on a su b set o f the fu n ctio n  
space w i l l  assure th a t the fu n c tio n a l assumes an extreme value on the  
su b se t .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
49
DEF.
A s e t  M in  the m etric space R i s  sa id  to  be r e la t iv e ly  compact i f
every  sequence o f  elem ents in  M con ta in s a subsequence which converges
to  some X in  R,
DEF.
A s e t  M in  the m etric space R i s  sa id  to  be compact i f  every
sequence o f  elem ents in  M contains a subsequence which converges to  some
X in  M.
DEF.
Let M be any s e t  in  the m etric space R ard l e t  6 be a p o s it iv e  
number. Then the s e t  A in  R i s  sa id  to  be an £ -n e t  w ith  resp ec t to  M 
i f  fo r  an a r b itra r y  p o in t x  in  M a t  l e a s t  one p o in t a , an elem ent in  A, 
can be found such th a t
a , x )  < Ç ,
DEF.
A su b set M o f  R i s  sa id  to  be t o t a l ly  bounded i f  R contains a 
f i n i t e  £ -n e t  w ith  r e sp ec t to  M fo r  every € > 0, Note th a t the  
p o in ts  o f  the C -n e t  are required on ly  to  be in  R, not n e c e ss a r ily  in  M, 
DEF,
A sequence { o f  p o in ts  o f  a m etric space R i s  a fundamental 
sequence i f  i t  s a t i s f i e s  the Cauchy c r ite r io n , th a t i s  fo r  a rb itra ry  
£  > 0 th ere  e x is t s  an in te r g e r  such th a t
x ^ ,  x ^  ) < €
fo r  a l l
n . n  à  Ng
DEF.
I f  every fundamental sequence in  the space R converges to  an
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elem ent in  R, then R i s  sa id  to  be com plete.
THEOREM 3.1
A necessary  and s u f f ic ie n t  co n d itio n  th a t a su b set M o f  a com­
p le te  m etric space R be r e la t iv e ly  compact i s  th a t M be t o t a l ly  bounded. 
Proof, ( N e ce ss ity  ) ,
I^ t us assume th a t  M i s  not t o t a l ly  bounded. Then, by d e fin it io n *
fo r  some € > 0 a f i n i t e  n et N̂  cannot be found in  M, Let us take an
a rb itra ry  p o in t in  M, By our assum ption, a p o in t in  M can be 
found such th a t
Xg) ^ .
S im ila r ly , a p o in t x^ in  M can be found such th a t
ç(x]^, x^) h €  , and
fo r  otherw ise th e  p o in ts  x^ and Xg would form an €  -n e t  in  M, I f  we
continue t h is  process we obta in  a sequence
o f  p o in ts  in  R such th a t
p (x^ . x j  h C , fo r  
m * n.
But then i t  i s  im p ossib le  to  s e l e c t  any convergent subsequence from such 
a sequence and M could not be r e la t iv e ly  compact. This i s  a con trad ic­
t io n  and our assumption i s  wrong. Therefore M i s  t o t a l ly  bounded. 
(S u ff ic ie n c y )
Let R be complete and M t o t a l ly  bounded. L et j  x^j- be a 
sequence o f  p o in ts  in  M, Let us s e t  
£ ,=  1.
4 =  1 / 2
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= 1 /k
and con stru ct fo r  every £/c a corresponding -n e t  in  M„ say
k k )
T 2** e o o o * o j JV J "
D escribe about each o f  the p o in ts which form a 1 -n e t in  M a sphere o f  
rad ius 1 , S ince th e se  spheres cover M and are f i n i t e  in  number a t  l e a s t  
one o f  them, say  S^, conta ins an i n f in i t e  subsequence
1 1  1X ÿ * OOOOOOÿ X" ) o 0 • « «
X  ̂ ^
o f  the sequence |  » Further, about each o f  the p o in ts which form
a 1 -n e t  in  R we d escr ib e  a sphere o f  radius 1 . S ince the number o f
2  Z"
spheres in  f i n i t e ,  a t  l e a s t  one o f  them, say S^, conta ins an in f in i t e
subsequence
1' 2 3 n
o f  the sequence |  x^ 1 „ S im ila r ly , we fin d  a sphere S o f  radius
c n ; j? 3
con ta in in g  an i n f in i t e  subsequence
x3 x3  x3A ^  o  a o o  a 9 o a o o
o f  th e  sequence {  } •> 1'̂ ® continue t h is  process and obta in  an
in f in t e  s e t  o f  sequences,
^  a
9 ^  fp 0 0 0 0 0 0 9  91 2  n
2 2 2
X- l  ,  X ^  ,  « 9 0 0 0 0 ,  X  ,J- 2 n
9  * 9  4 O 0 « « 0 9  a 0  « 0 4
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•  ÿ •  9 « 0 0 0 0 0 9  a 9  o o o
We now choose from the above sequences the sequence
: ^2* ^3* ® » » « ' t u 3 o
This sequence i s  fundamental because a l l  o f  i t s  terms beginning w ith  
l i e  in  the in te r io r  o f  a sphere o f  radius 1 . S ince R i s  com plete,
t h is  sequence has a l im i t  p o in t x  in  R. Then by d e f in it io n  M i s  r e la ­
t i v e l y  compact.
DEF.
L et C fa .b l denote the s e t  o f  a l l  continuous fu n ction s defined  
on th e  segment [ a ,b] w ith  d is ta n ce  fu n ctio n
^ ( f ,g )  = sup {  |g ( t )  -  f ( t ) | ]  ; a 4 t  ë b }  .
The space C [a,b] forms a m etric space, A sequence in  c fa ,b ]
i s  convergent i f  and on ly  i f  i t  i s  uniform ly convergent in  th e  usual, 
term inology,
DEF.
A fam ily  { q(x )}  o f  fu n ctio n s d efin ed  on a c lo sed  in te r v a l i s  
sa id  to  be uniform ly bounded i f  there e x is t s  a number M such th a t
| q(x ) | <  M
f o r  a l l  X and fo r  a l l  Q belonging to  the g iven  fam ily ,
DEF.
A fam ily  o f  fu n ction s on [a ,b ]  i s  sa id  to  be eguicontinuous 
i f  fo r  every  £ > 0 th ere  i s  a > 0 such th a t
| q(xq_) Q(^2^f ^ ^
fo r  a l l  x^, X in  [a ,b ]  s a t is fy in g
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fo r  a l l  Q in  th e  g iven  fam ily .
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I -  X j <  A  , sim ultaneously
DEF.
L et C denote the s e t  o f  a l l  continuous mappings 
aX
y =  f ( x )
o f  a compact s e t  X in to  a compact s e t  Y(a m etric space\ and l e t
(’( f t g )  = sup I  ^ [ f (x ) ,  g (x )]  ; X a member o f  x }  .
I t  i s  r e a d ily  v e r i f ie d  th a t
(1 ) ) = 0 i f  and on ly  i f  i  = g ,
(2 ) = fC g .f ) ,  and
( 3)  ^ ( i , g ) + f ( g j )  -
Thus i-s a m etric space.
THEOREM 3 .2
I f  f  i s  a sequence o f  continuous fu n ction s on a m etric space X
to  a m etric space Y  such th a t
lim  f  = f  
n n 0
uniform ly on X, then f^ i s  continuous.
P roof. ( r e f .  "Measure and In teg ra tio n  Theory", Munroe p. 43 ) .
This theorem, to g eth er  w ith  the com pleteness o f  the r e a ls ,
im p lie s  C f a , i s  com plete,
THEOREM 3 . 3 ( G eneralized Theorem o f  -Arzela ) .
A n ecessary  and s u f f ic ie n t  co n d itio n  th a t a s e t  D contained in
be r e la t iv e ly  compact in  i s  th a t the fam ily  o f  fu n ction s 0 be
eq u icon tin u ou s.
P roof. (S u f f ic ie n c y ) .
Let us embed in  M̂ y*- where M̂  ̂ i s  th e  space o f  a l l  mappings
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o f  the compact space X in to  the conç>act space X w ith  i t s  m etric  defin ed
in  the same way as th a t o f  Then» by theorem 3 ,2 ,  we see  th a t
i s  c lo sed  in  and th ere fo re  r e la t iv e  compactness o f  D in  w i l l
im ply r e la t iv e  compactness o f  D in
L et €  ^ 0 be chosen a r b it r a r i ly  and choose A such th a t  
ç»(x'» x^) < A  ; x'', -x!' in  X
im p lie s
j? [ f (x ') ,  f ( x ' ' ) ]  < € 
f o r  a l l  f  in  D, Let the p o in ts
g Xgg • o « « 9 X^
form a ( ^ - n e t  in  X, Then X can be represented  as the union o f  non- 
2
in te r s e c t in g  s e t s  €j such th a t i f  x  and y  are members o f  then
^ (x ,y ) < A  . For example we can take 
€.: = S ( x . , -  Ü S ( x . ,  a ) ,  where
^ 2 J
S (x , €  ) = { y  € X I p (x ,y )  < e }
We now con sid er  in  the compact s e t  X a f i n i t e  €  -n e t
^1» ^2'  .............. ^m*
Denote by L the t o t a l i t y  o f  fu n ction s g (x )  in  M̂ y which assume the
v a lu es y j (c o n s ta n ts )  on the s e t s  6  ̂ . The number o f  such fu n ction s i s
f i n i t e .  Let f  be a member o f  D. For every p o in t xj among
X-| » X » • • • • » Xic n
we can f in d  a p o in t y . amongJ i
^1* ^2* * • “ • ^m
such th a t
ç .tf (X i) , < C .
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L et g (x ) ,  a member o f  L, be chosen such th a t  
g(x^ ) = fo r  each i .  Then
^ f f ( x ) ,  g (x )]  6 f f f ( x ) ,  f(x^O] + p [ f (x ; ) ,  g (x ^ )]
+ ^ fg (x^ ), g (x ) ]
= f(x ^ )]  + ^[f(xj^), yv̂ J <  2£
because
p fg (x ) , g(xj^)] = 0
i f  1 i s  chosen such th a t  x  i s  a member o f  ^ . Then
^ ( f .g )  < 2 6
fo r  a t  l e a s t  one g, a member o f  L, and L i s  then a 2 £ -n e t  fo r  D in
and consequently  forms a 2 € -n e t  in  C^y. By d e f in it io n  D i s  then
t o t a l l y  bounded. Using theorem 3 .1 , D i s  thus r e la t iv e ly  compact. 
(N e c e ss ity )
Let D, a su b set o f  Ĉ Y# be r e la t iv e ly  compact in  Then there
e x is t s  a f i n i t e  ( 6  ) -n e t  in  D and i f  f  i s  a member o f  D.
3
p ( f .  f i )  <  ^
fo r  a t  l e a s t  one f^  where
f^ÿ ^2* * * • 9 "̂ n
i s  th e  ( €  ) -n e t  in  D. Each o f  the fu n ction s f  i s  continuous and
3
th e re fo re  uniform ly continuous on the compact s e t  X, Then fo r  each i ,
X — 1 , 2 , « • «, n,
th e r e  i s  a > 0 such th a t
I r . ( x ' )  -  <  _ e _  i fI i  1 3
)x '  -  x"j <
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iû- = min ^  j_. Then i f  ^  are members o f  D and
1^1 -  %2l *
|f (x ^ )  -  fCxg)! = jfCx^) -  T i ( x i ) |  + | f i ( x ^ )  -  fj^Cxg)]
+ if^Cxg) -  fCxg)!
é _€_ + _€_ + = £  .
3 3 3
Then by d e f in i t io n  the s e t  D i s  equ icontinuous.
DEF,
A fu n ctio n  f ( x )  i s  sa id  to  be low er (upper) sem icontinuous a t  the
p o in t Xq i f  fo r  a rb itra ry  C ^ 0 th ere  e x is t s  a A-neighborhood o f  x^
in  which
f ( x )  > f(x ^ )  _ c
( f ( x )  <  f(X o) + C ) .
DEF.
Denote by Jî th e  space o f a l l  bounded rea l-v a lu ed  fu n ction s o f  a 
r e a l  v a r ia b le  w ith  m etric
Ç>(T,g) = sup {  | f ( x )  -  g ( x ) | ]  .
DEF,
A curve in  a to p o lo g ic a l space X i s  a continuous fu n ctio n  
i  : [ a ,b ]  X.
DEF.
We s h a ll  d e fin e  the len g th  o f  the curve
y = f ( x ) ,  ( a é x é b ) i n  th e  plane  
as th e  fu n c tio n a l
li^(f) = sup^XfCx^ -  + (f(x^) -  l""}
where the l e a s t  upper bound i s  taken over a l l  p o ss ib le  su b d iv is ion s  
fa  = Xq < X, < . . .  <3^ = b ]  o f  the c lo sed  in te r v a l [ a ,b ]  .
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For continuous fu n ctio n s i t  co in c id es w ith  the value o f  the l im i t
as
lim  + (f(x ^ ) -  fC xj^ .i)) ]
max ^ |x ^  -  goes to  0. For fu n ction s w ith  con­
tinu ous d e r iv a t iv e s  i t  can be w r itte n  in  the form
. b  r  1  . -1^
a
THEOREM 1 .4
j ’= [  1 + f ' \ x )  y ’- dx.
P roof.
( 3 .1 )
L et
The fu n c tio n a l L ( f )  i s  lower sem icontinuous in  M. 
a
Let us choose a su b d iv is io n  o f  [ a ,b ]  such th a t
_e_
2
A- ^^i ~ ^ i—1 ̂  ’
B = [f(x ^ ) -  f(xi^_]^)], and 
C = [g (x^ ) -  g(x^_^)] .
Then
 ̂ -  (a2 + c2 / ’ |
■ %
L(A^ = A - ( A ^  + [(A2 + + (A  ̂ + C 2 f ]
[(.t?  + + (A  ̂ + ]
(Â _ + B^)_- (P? _.+ Ç2)
(A^ + B ^ f + (A  ̂ +
B  ̂ -  Ç2
(A  ̂ + B ^ y  + (A  ̂ + C^)
(n -  c ) ( B  +  c)
(A^ + B ^f"  + (A  ̂ + o z f
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I t  i s  obvious th a t
B + C <  (A  ̂ + B ^r + (A  ̂ + . Therefore
B + C ^  1, and then
< | b - c|
Let
and then l e t
(A  ̂ + B^) + (A  ̂ +
(B -  G)(B + C) 
(A^ + B^/^ + (A  ̂ +
|B -  G I ^  A  ,
A  = € . Then
2n
{P? + -  (A  ̂ + I <   ^
2n
S u b stitu tin g  fo r  A, B, and C we see  th a t
[(% i -  % i_i)^ + -  f (% i_ i) )^ ]
-  [(% i -  + (g(% i) -  g ( :y ._ l) )^ ]^  <  _1
2n
I f  we sum from n = 1 to  N we see
> = <
- f  [(^i - ^i-l)^ + (g(: î) - g(%i-l))^f < ni_ = ^
58
or
2n 2
AL \
L^(g) i  y  [(%i -  + (g(x^) -
3-
>  + (f(x ^ ) -
> L (f) - - £
a 2 2
= L ° (f)  -  C ,
a
provided g i s  chosen such th a t
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p ( f , g )  <  ^ . This fo llo w s from in e q u a lity  3 .1 .
■ H n
Hence we choose A  = €  .
4 n
Theorems 3 .5  and 3 .6  are standard elem entary r e s u lt s ,  and w i l l  
be s ta te d  w ithout proof.
THEOREM
A r e a l valued fu n ctio n  which i s  low er (upper) sem icontinuous on 
a compact s e t  K i s  bounded below (above) on K.
P roof. [ 3 ,  p. 66 ]
THEOREM 3.6
A low er (upper) sem icontinuous fu n ctio n  d efin ed  on a compact s e t  
K a tta in s  i t s  g r e a te s t  low er ( l e a s t  upper ) bound on K.
P roof. ['3, p . 66]
Let K be a compact m etric space and l e t  C|̂  be the space o f  con­
tinuous r e a l  fu n ctio n s d e fin ed  on K w ith  d is ta n ce  fu n ctio n
^ ( f , g )  = sup ||f6 1  -  .
THEOREM 3 .7
A n ecessary  and s u f f ic i e n t  con d ition  th a t a su b set D o f  be 
r e la t iv e ly  compact i s  th a t th e  fam ily  o f  fu n ctio n s D be uniform ly  
bounded and equicontinuous.
P roof. ( S u ff ic ie n c y  )
Assume the fa m ily  o f  fu n ction s D i s  uniform ly bounded and equi­
continuous. Then by theorem 3 .2  D i s  r e la t iv e ly  compact.
( N e c e ss ity  )
Let th e  s e t  D be r e la t iv e ly  compact in  C .̂ Then, by theorem 3.1 
fo r  each € > 0 th ere  e x is t s  a f i n i t e  ( €  ) -n e t
3
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qi» q2» %
i n  D, Each o f  the fu n ctio n s q^, b e in g  a  con tinuous fu n ctio n  on a
compact s e t ,  i s  bounded, i . e .
h i i  ^ V
L et
M = max M. + C .
^ 3
By d e f in i t io n  o f  an ( € )« n et. fo r  every q i n  C we have a t  l e a s t  one
3
q^ such th a t
("(q*q^) = sup I q(x)  -  q^(x.) 1 <
Consequently
| q l  <  | q . l  <  M + _ « _  <  M.
P ‘ ' X  q  X  3
Thus, D i s  uniform ly bounded.
Each o f  the fu n ctio n s q^ i s  con tinuous and consequently uniform ly  
continuous on the compact s e t  K. Then fo r  a g iv en  €  there e x is t s  a
3
A . such th a t
X
|q^(x^) « q^Cxg)! <  i f
K  ” ^2 ! ^  ^ i '
S e t
A  = min A  . .
-TJ X
Then fo r
h i  " ^
and fo r  any q in  D, taking q  ̂ so th a t
^ (q ,q^)  <  ^  , we have
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+ q i(x g ) ” qCx^)1
jq(x^) -  q ^ (x^ )| + (q ^ (^ )  -  q ^ U g)!
<  _ L . + _ ^  + _ l_  = € .
3 3 3
Thus D i s  equicontinuous.
Theorem 3 .7  i s  A rze la 's  theorem fo r  continuous fu n ction s defin ed  
on an a rb itra ry  compact s e t ,
DEF,
Two continuous fu n ction s  
P = f^(t^ ) and 
P =  f ^ C t " )
d e fin e d , r e s p e c t iv e ly , on the c lo sed  in te r v a ls
a' é  t '  é  \> and
// . , // a ^ t  6  b
are sa id  to  be eq u iv a len t i f  there e x i s t  two non-decreasing fu n ction s  
t  = î ^ ( t ) ,  and 
= % ( t )
d efin ed  on a c lo sed  in te r v a l  
a t  ié. b 
and p o ssess in g  the p ro p ertie s  
Qĵ Ca) = a ,
Q^(b) = b" ;
Q^(a) = & ,
Qg(b) = b' ; and
fo r  a l l  t  contained in  [ a , b ]  ,
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For an a rb itra ry  fu n ctio n  
P = f^(t'^ )
d efin ed  on a c lo sed  in te r v a l  [a  ,b ]  we can fin d  a fu n ction  which i s  
e q u iv a len t to  i t  and which i s  d efin ed  on the c lo sed  in te r v a l  
[a ,b] = [ 0 , l l  .
I t  i s  s u f f ic i e n t  to  s e t
t  — Q ^(t) ~ (b ™ a ) t  4" a ,
t  = Q^(t) = to
We w i l l  assume a < b.
Thus, we w i l l  consid er the space Cjg o f  continuous mappings o f  
th e  c lo sed  in te r v a l
I  = [ 0 , 1 ]
in to  the space R (r e a ls )  w ith  the m etric
^ ( f , g )  = sup ç [ f ( t ) ,  g ( t ) ]  ,
We say  th a t the sequence o f  curves
® • • • 9 »
converges to  the curve L i f  the curve can be represented paramet­
r i c a l l y  in  the form 
P =
( 0  = t  = 1 )
and th e  curve L in  th e  form 
P = f ( t ) ;
( 0  6 t  i l ) .
SO th a t
lim  ^ ( f , f ^ )  = 0. 
n
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THEOREM 1.8
I f  the sequence o f  curves
L l’ 1*2’
ly in g  in  the r e la t iv e ly  compact su b set K o f a complete m etric space can 
be represented  p aram etr ica lly  by means o f  equicontinuous fu n ction s  
d efin ed  on the c lo sed  in te r v a l [ 0 , l ]  , then t h is  sequence contains
a convergent subsequence.
Proof.
This i s  a d ir e c t  r e s u lt  o f  Theorem 3 ,3 .
The len g th  o f  a curve g iven  p aram etrica lly  by means o f the func­
t io n
P = f ( t ) ,
a -  t  -  b,
i s  th e  l e a s t  upper bound o f  sums o f  the form 
N
V=l
where
a = t_  6 t  t  = b.
o 1 n
I t  i s  ea sy  to  see  th a t  the len g th  o f  a curve does not depend on the  
ch o ice  o f  i t s  param etric rep resen ta tio n ,
THEOBBH 2 ^
I f  the sequence o f  curves L^, represented  param etrica lly  by 
fu n ctio n s d efin ed  on [ 0 , l ]  , converges to  the curve L, then th e  len g th  
o f  L i s  not g rea ter  than the lim  i n f ,  o f  the sequence o f len g th s o f  
th e  curves Lĵ ,
P roof.
The proof o f  th is  i s  s im ila r  to  th a t o f  theorem 3.4.
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Let us now con sid er  curves o f  f i n i t e  len g th  or r e c t i f ia b le  
cu rves. Consider a curve d efin ed  p aram etr ica lly  by means o f  the func­
t io n
P = f ( t ) ,  
a ^ t  6 b.
The fu n ctio n  f ,  considered only on the c losed  in te r v a l [ a , T ]  , where 
a 6 T 4 b ,
d e f in e s  an " in i t ia l  segment" o f  the curve from the po in t
Pa = f ( a )
to  the p o in t
P j = f ( T ) .
Let
s = Q(t)  
be i t s  le n g th . Then
P = g ( s )  = f  [Q "^(s)] 
i s  a new param etric rep resen ta tio n  o f  the same curve. Let s run 
through th e  c lo sed  in te r v a l  
0 ^ S i  S,
where S i s  the len g th  o f  th e  e n t ir e  curve. This rep resen ta tio n  s a t i s ­
f i e s  th e  requirem ent
^ [ g ( s i ) ,  gCs^)] ^
( th e  le n g th  o f  th e  curve i s  not l e s s  than the len g th  o f the chord ) ,  
Going over to  th e  c lo sed  in te r v a l [ o , l ]  we ob ta in  the parametric 
rep re sen ta tio n
P = F ( ^  ) = g ( s ) ,
T =  s ,
S
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which s a t i s f i e s  the fo llo w in g  L io sc h itz  Condition
[ F ( t ) .  = s  i t : - t |  .
Thus fo r  a l l  curves o f  len g th  S such th a t  
S 6  M,
where M i s  a co n sta n t, a param etric rep resen ta tio n  on the c lo sed  
in te r v a l  [ 0 , l ]  by means o f  equicontinuous fu n ction s i s  p o s s ib le .  
THEOREM 3.10
I f  two p o in ts  A and B in  the r e la t iv e ly  compact s e t  K can be 
connected by a continuous curve o f  f i n i t e  len g th , then among a l l  such 
curves th ere  e x i s t s  one o f  minimal len g th .
Proof.
Let Y be th e  g r e a te s t  low er bound o f the len g th s  o f  curves which 
connect A and B in  K, Let the len g th s o f  the curves 
1^ ,
connecting  A w ith  B tend to  Y. By theorem 3 .8  i t  i s  p o ss ib le  to  s e le c t  
a convergent subsequence from the sequence  ̂ L ^ . By theorem 3*9 
th e  l im i t  curve o f  t h is  subsequence cannot have len g th  greater  than Y, 
This com pletes th e  proof.
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PART I I  
S ec tio n  I I
D ir e c t  Methods o f  the C alculus o f  V ariation s
The d ir e c t  methods in  th e  ca lcu lu s o f  V ariations rep resen t a 
r e la t iv e ly  modern trend which has e s ta b lish ed  the ca lcu lu s  o f  v a r ia tio n s  
in  a dom inating p o s it io n  in  mathem atical a n a ly s is .
The general p o in ts  o f  view in  the ca lcu lu s  o f  v a r ia t io n s  are 
r e le v a n t fo r  variou s domains o f  m athem atics, namely th e  form ation o f  
in v a r ia n ts  and covarian ts in  fu n ctio n  sp aces, and the ch a ra cter iza tio n  
o f  m athem atical e n t i t i e s  by extremum p ro p e r tie s . We s h a ll  concentrate  
on the second to p ic .
In the m athem atical treatm ent o f  p h y sica l phenomena i t  i s  o ften  
exp ed ien t to  use form ulations by means o f  which the q u a n titie s  under 
co n sid era tio n  appear as extrema. An example o f  th a t i s  Fermat's Prin­
c ip le  in  o p t ic s .
The c la s s ic a l  methods o f  the ca lcu lu s o f  v a r ia tio n s  can be con­
sid ered  as in d ir e c t  methods, in  co n tra st to  the modern d ir e c t  methods. 
G enerally  speaking th e  d ir e c t  methods aim a t  so lv in g  boundary 
value problems o f d i f f e r e n t ia l  equations by reducing them to  eq u iva len t  
extremum problems o f  the ca lcu lu s  o f  v a r ia t io n s , and then attack ing
th e se  problems d ir e c t ly .
The most notab le  example o f  the d ir e c t  approach goes back to  
Gauss and W illiam  Thompson. They considered the boundary value problem 
o f  th e  Laplace equation .
( 4 , 1 )  A u  = + 3 u = 0
3>F 3̂ ""
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fo r  a domain G in  the xy-p lan e, under the co n d itio n  th a t the fu n ctio n  
u be d efin ed  in  G and be equal to  a prescribed  continuous fu n ctio n  on 
th e  boundary. The c la s s i c a l  formalism o f  the ca lcu lu s o f  v a r ia tio n s  
fo r  th e  in te g r a l
( 4 . 2 )  D[4>J = / / (  )dxdy
G
shows th a t i f  u ( x , y )  fu rn ish es th e  minimum o f  the in te g r a l when a ll. 
fu n ctio n s Cp which are continuous in  G and on i t s  boundary, a t ta in  
th e  prescrib ed  boundary v a lu es , and p o ssess  continuous f i r s t  and second  
d e r iv a t iv e s  in  G are adm itted to  com petition , then u ( x ,y )  i s  the  
s o lu t io n  o f  the boundary value problem
Ajf = 0 in  G , l / ( p )  = f ( p )  fo r  p on the boundary o f  G„
Gauss and Thompson thought th a t , s in c e  the in te g r a l d P<P] i s  
p o s i t iv e ,  i t  must have a minimum. This reasoning was la t e r  resumed by 
D ir ic h le t ,  and a d e c is iv e  use o f  i t ,  under the name o f  D ir ic h le t 's  
P r in c ip le  was made by Bernhard Riemann. To make D ir ic h le t ’s P r in c ip le  
tru e  the e x is te n c e  o f  a minimum, rath er than a g r e a te s t  lower bound, 
has to  be e s ta b lish e d . Let us look  a t  some examples where we have a 
g r e a te s t  low er bound but a minimum does not e x is t ,
a) Find th e  sh o r te s t  curve from A to  B w ith  the con d ition  th a t  
i t  be perpendicular to  AB a t  A and B.
BA
Fig, 4,1
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The len g th  o f  the ad m issib le  curves has a g r e a te s t  lower bound, 
namely AB ; however, no sh o r te s t  curve e x i s t s ,
b) Find a fu n ctio n  (x ) continuous, having a p iecew ise
continuous d e r iv a t iv e , fo r  which the in te g r a l
2
1 = [ ^  I  (p (x )l "̂ dx
/  -1
a t ta in s  th e  sm a lle s t  p o s s ib le  va lu e , w ith  the boundary con d ition s
CP ( —1 }  =  —1  ;
( 1) = 1 .
Y
X
The in te g r a l i s  always p o s it iv e  and has a g r e a te s t  lower bound, 
namely, 0„ Let 0  (x )  be the fu n ctio n  whose graph i s  APQB in  f i g .  ^ .2  
We have
f o r  -  Ê "C X ^  £(p (x )  -  X 
£
(P (x ) = 1 
(P(x) = -1
f o r  £  <C X I
f o r  "1 <C X <C“ €
and
Therefore
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d )'(x ) = _1_ fo r  - € < X < €  and
€
0 ' (x ) = 0 fo r  € <  X < I and -I <  X < -  £
Hence
I  = f  0  (x)^dx = f  dx  = 2 €
- I  /  3
€
3
and i t  can be made a r b it r a r i ly  sm a ll„ But the on ly  fu n ctio n  fo r  which 
1 = 0 i s  
0 ( x )  = c,
and i t  i s  obvious th a t t h i s  does not s a t i s f y  the g iven  boundary condi­
t io n s .
Three r e la te d  go a ls  are envisaged by d ir e c t  methods o f  ca lcu lu s  
o f  v a r ia t io n s .
1) E xisten ce  proofs fo r  so lu tio n s  o f  boundary value problems,
2) A n alysis o f  the p rop erties  o f  th ese  so lu tio n s , and
3) Numerical procedures fo r  c a lc u la tin g  the so lu tio n s .
Let us consid er the fo llow in g  problem:
Among a l l  continuous, c lo sed  curves C having a g iven  len g th  L,
f in d  one which makes th e  enclosed  area A(C) a maximum.
By the c la s s i c a l  methods o f  ca lcu lu s o f  v a r ia tio n s  i t  can be
shown th a t  i f  a so lu t io n  e x is t s  i t  i s  a c ir c le .  We w i l l  be concerned
w ith  proving the e x is te n c e  o f  the so lu tio n .
Any ad m issib le  curve C can be enclosed  com pletely in  a c ir c le  o f
rad iu s L_ . Thus we have 
2
A ( c )  ^  r r  £
4
so  th a t  a l e a s t  upper bound M e x is t s  fo r  a l l  the areas, and a maximizing 
sequence
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p * Q » O p Ô P » * *
o f  ad m issib le  ciirves e x is t s  such th a t
A^(C^) —^ M as n —
Each curve can be assumed to  be a convex curve, fo r  I f  not,
i t  could be rep laced  by a convex ad m issib le  curve o f  la rg er  area , i , e .
can be rep laced  by i t s  "convex h u ll"  denoted by ( the l e a s t
convex polygon and i t s  in te r io r  p o in ts  th a t conta in  ) .  Then C ,̂
whose len g th  may be l e s s  than L, i s  m agnified in to  a s im ila r  adm issib le  
curve o f  len g th  L, denoted by Ĉ „ We now have 
A(C^) <  A(C^) <  A(C^).
We make th e  assum ption th a t a l l  the curves be w ith in  a s in g le  c ir c le
o f  rad ius sm aller than L . Thus we have a sequence o f  convex curves
2
ly in g  in  a c lo sed  domain, so th a t (by theorem 3 .8 )  there i s  a sub­
sequence which converges to  a c lo sed  curve C. Since the area o f  a 
sequence o f  convex curves depends continu ously  on the curves, and the
areas A o f  C converge to  M, we have 
n n
A(C) = M,
I f  converges to  C, then
lim  L(Cjj) à  L(C)
by the low er sem i-co n tin u ity  o f  len g th . In the present case, we have 
L(G) L.
The e q u a lity  s ig n , however, must hold , s in c e , i f  
L(G) <  Lp
G could be m agnified in to  a curve o f  len g th  L, whose area would then  
exceed M. Thus the e x is te n c e  o f  a curve o f  len gth  L and en clo sin g  
maximum area i s  e s tabl i shed .
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